Trapped modes in plasma slabs and cylinders by Weil, A. J.
THE PENNSYLVANIA 
STATE UNIVERSITY 
IONOSPHERIC RESEARCH 
Scientific Report No. 314 
TRAPPED MODES IN PLASMA SLABS 
AND CYLINDERS 
+ 
--. GPO P R I C E  $ 
CFST! PRrcsis)  $ 
IONOSPHERE RESEARCH LABORATORY 
University Park, Pennsylvania NASA Grant  NsG 134-61 
https://ntrs.nasa.gov/search.jsp?R=19680007038 2020-03-12T09:24:37+00:00Z
- 
C 
. 
I 
0 
b I o n o s p h e r i c  X e s e a r c h  
NASA G r a n t  NsG 134-61 
S c i e n t i f i c  R e p o r t  
o n  
" T r a p p e d  M o d e s  in  P l a s m a  S l a b s  and  C y l i n d e r s ' '  
b y  
A .  J. Weil  
F e b r u a r y  1, 1968 
S c i e n t i f i c  R e p o r t  No. 314  
I o n o s p h e r i c  R e s e a r c h  L a b o r a t o r y  
S u b m i t t e d  by : 
N i s b e t ,  P r o f e s s o r  of E l e c t r i c a l  E n g i n e e r i n g ,  
\ 
A p p r o v e d  by: c./d &* 
A. H. W a y n i c k ,  D i r & t o r  
I o n o s p h e r e  R e s e a r c h  L a b o r a t o r y  
T h e  P e n n s y l v a n i a  S t a t e  U n i v e r s i t y  
C o l l e g e  of E n g i n e e r i n g  
D e p a r t m e n t  of E l e c t r i c  a1 E n g i n e e r i n g  
T A B L E  O F  CONTENTS 
P a g e  
A B S T R A C T  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  i 
1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . .  1 
1 . 1 S t a t e m e n t  of t h e  P r o b l e m ;  R e l a t e d  S t u d i e s  . . . . . . . .  1 
1 . 2  Def in i t ion  of S y m b o l s  . . . . . . . . . . . . . . . . . . .  6 
2 P L A S M A S L A B  . . . . . . . . . . . . . . . . . . . . . . . . . .  9 
2 . 1 D e r i v a t i o n  of t h e  D i s p e r s i o n  R e l a t i o n  . . . . . . . . . .  9 
2 . 1 . 1  T h e M o d e l  . . . . . . . . . . . . . . . . . . . .  9 
2 . 1 . 2 T h e  D i s p e r s i o n  Re la t ion  . . . . . . . . . . . . .  10 
2 . 1 . 2 . 1 S y m m e t r i c  D i s p e r s i o n  R e l a t i o n  . . .  10 
2 . 1 . 2 . 2 A n t i s y m m e t r i c  D i s p e r s i o n  R e l a t i o n  . 14  
2 . 2  A p p r o x i m a t e  Limits . . . . . . . . . . . . . . . . . . .  15 
2 . 2 . 1 Q u a s i s t a t i c  L i m i t  . . . . . . . . . . . . . . . .  15 
2 . 2 . 2 Inf in i te  M a g n e t i c  F i e l d  Limit . . . . . . . . . .  27 
2 . 2 . 3 Z e r o  M a g n e t i c  F i e l d  Limit . . . . . . . . . . .  30 
2 . 2 . 4  L i m i t  w h e n  Y = 1 (w  = w ) . . . . . . . . . . . . .  33 P 2 . 3  Cutoff a n d  R e s o n a n c e s  . . . . . . . . . . . . . . . . . .  34 
2 . 3 . 1  Cutoff . . . . . . . . . . . . . . . . . . . . . . .  34 
2 . 3 . 2  R e s o n a n c e s  . . . . . . . . . . . . . . . . . . . .  4 1  
2 . 4  R e s u l t s  of t h e  A n a l y s i s  . . . . . . . . . . . . . . . . . .  42 
2 . 4 . 1 R e s u l t s  f r o m  the  G e n e r a l  D i s p e r s i o n  R e l a t i o n  . 42 
2 . 4 . 2  S y m m e t r i c  C a s e  . . . . . . . . . . . . . . . . .  5 3  
2 . 4 . 3  A n t i s y m m e t r i c  C a s e  . . . . . . . . . . . . . . .  58  
2 . 5 F i e l d s  C h a r a c t e r i s t i c s  . . . . . . . . . . . . . . . . . .  60 
2 . 5 . 1  S y m m e t r i c  C a s e  . . . . . . . . . . . . . . . . .  60 
2 . 5 . 1 . 1 Z e r o  M a g n e t i c  F i e l d  Limit . . . . .  61 
2 . 5 . 1 . 2 Infinite M a g n e t i c  F i e l d  Limit . . . 62 
2 . 5 . 1 . 3  L a r g e  Z / Y  Limit . . . . . . . . . .  63 
2 . 5 . 1 . 4  Cutoff Limit . . . . . . . . . . . . .  65 
2 . 5 .  1 . 5 G e n e r a l  S y m m e t r i c  C a s e  . . . . . .  66 
2 . 5 . 2  G e n e r a l  A n t i s y m m e t r i c  C a s e  . . . . . . . . . .  76 
Conduc t ing  S c r e e n  . . . . . . . . . . . . . . . .  104 
2 . 6  T h e  "One W a v e "  A p p r o x i m a t i o n  . . . . . . . . . . . . .  105 
2 . 5 .  3 Plasma S l a b  Bounded on  One  S ide  b y  a 
3 P L A S M A C O L U M N  . . . . . . . . . . . . . . . . . . . . . . . . .  114 
3 . 1 D e r i v a t i o n  of the  D i s p e r s i o n  R e l a t i o n  . . . . . . . . . .  114 
3 . 1 . 1  T h e  M o d e l  . . . . . . . . . . . . . . . . . . . .  114  
3 . 1 . 2 T h e  G e n e r a l  D i s p e r s i o n  R e l a t i o n  . . . . . . . .  114  
3 . 1 . 3  S y m m e t r i c  M o d e s  119 . . . . . . . . . . . . . . . .  
3 . 2 R e s u l t s  of the  A n a l y s i s  fo r  the  Dipo le  M o d e  . . . . . . .  122 
T A B L E  O F  CONTENTS CONTINUED 
3 . 3 F i e l d s  C h a r a c t e r i s t i c s ;  "One W a v e "  A p p r o x i m a t i o n  . . 
3 . 3 . 1 
3 . 3 . 2 
F i e l d  C h a r a c t e r i s t i c s  . . . . . . . . . . . . . .  
"One W a v e "  A p p r o x i m a t i o n  . . . . . . . . . . .  
Dipole  M o d e  . . . . . . . . . . . . .  
3 . 3 . 2 .  1 S y m m e t r i c  C a s e  . . . . . . . . . . .  
3 . 3 . 2 . 2  
4 CONCLUSION . . . . . . . . . . . . . . . . . . . . . . . . . . .  
BIBLIOGRAPHY . . . . . .  . . . . . . . . . . . . . . . . . . . . .  
A P P E N D I X  A . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
P a g e  
129 
129 
134 
134 
134 
136 
139 
14 1 
ABSTRACT 
An analysis of trapped modes is given for uniform, cold magneto- 
plasma slabs and rods. 
and arbitrary magnetic field strength is allowed. Two dispersion 
relations are obtained for the slab, characterizing symmetric and anti- 
symmetric field solutions. The general dispersion relation for the 
plasma rod geometry is obtained, simplified using an analogy with the 
slab case, and analyzed. For each dispersion relation, three kinds of 
interior waves are found: (1) waves which damp as you move toward the 
center; (2) oscillating or body waves; and (3) damped oscillating waves. 
The field characteristics of the waves are analyzed for the slab 
geometry and for the dipolar modes of the plasma rod. A new approxi- 
mation, the "one wave" approximation is introduced and discussed. Dis- 
persion curves and field solutions are given for R = . 5 w  and R = 1 . 5 ~  
and for different thicknesses. 
The f u l l  set of Maxwell's equations is used, 
P' P 
1 
1 INTRODUCTION 
1.1 STATEMENT OF THE PROBLEM; RELATED STUDIES 
In the past two decades an extensive body of literature has 
developed on the subject of wave propagation in bounded plasmas. 
origin of this interest comes from a number of different sources. For 
example, with the advent of manned spacecraft and the need for communi- 
cation with it, the plasma sheath problem has become of vital importance 
(Owyang and Seshadri, 1966). In such a case, the energy of the propa- 
gating electromagnetic wave may be lost to classes of waves such as the 
"trapped modes." 
function of distance outside the plasma. 
The 
These are waves which are exponentially damped as a 
Such modes can also be found in ionospheric physics. Hodara 
and Cohn (1962) point out that trapped modes may propagate in the ion 
ducts formed by the lines of  the earth's magnetic field. Also, plasma 
layers in the ionosphere may support these modes (Owyang and Seshadri, 
1966) .  
A chird application of such studies is the laboratory experiment, 
where characteristic properties of the trapped modes may be of importance 
in designing new methods f o r  plasma diagnostics and millimeter wave 
generation (Trivelpiece and Gould, 1959; Formato and Gilardini, 1962;  
Aka0 and Ida, 1964). 
Except for the laboratory devices, where plasma cylinders are 
ased, t h e  geometry cf the structures supporting these trapped modes is 
usually complicated, Tamir and Oliner (1963) emphasize the fact that 
the plasma slab configuration in free space serves as an appropriate 
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s i m p l i f i e d  model f o r  many s i t u a t i o n s .  A s  a consequence, t h e  plasma 
s l a b ,  ha l f  space  and c y l i n d e r  have received t h e  most a t t e n t i o n  f o r  
bounded plasma s t u d i e s  . 
The t rapped  modes e x i s t i n g  i n  such plasmas can be  c l a s s i f i e d  as 
fo l lows  : 
1.) Surface  wave ( S  W) 
Barlow (1962)  d e f i n e d  t h e  s u r f a c e  w a v e s  i n  t h e  fo l lowing  terms: 
"A s u r f a c e  wave i s  one t h a t  propagaEes a long  an i n t e r f a c e  between two 
d i f f e r e n t  media without  r a d i a t i o n ,  such r a d i a t i o n  be ing  construed t o  
mean energy converted from t h e  s u r f a c e  wave f i e l d  t o  some o t h e r  form." 
We w i l l  use the t e r m  " s u r f a c e  wave" f o r  a s o l u t i o n  o r  Maxwell's equa- 
t i o n s  propagat ing a long  an i n t e r f a c e  between two d i f f e r e n t  media such 
t h a t  on both s i d e s  of t h e  i n t e r f a c e  t h e  f i e l d s  decay e x p o n e n t i a l l y  w i t h  
an i n c r e a s e  of d i s t a n c e  from t h e  i n t e r f a c e .  
2. ) Body wave (B W) 
The body w a v e  a l s o  propagates  a long  t h e  axes  of t h e  column. It 
has  e x p o n e n t i a l l y  damped behavior  o u t s i d e  t h e  plasma, b u t  i t  i s  essen-  
t i a l l y  o s c i l l a t c r y  i n  n a t u r e  i n s i d e  t h e  plasma. 
o r d e r  can be  ob ta ined ,  depending upon t h e  number of  o s c i l l a t i o n s  i n s i d e  
t h e  column. For t h e  plasma rod t h e  o r d e r  of t h e  body wave mode i s  g iven  
by h a l f  t he  n m b e r  of nodes i n  t h e  r a d i a l  d i r e c t i o n  of t h e  a x i a l  f i e l d s  
components f o r  t h e  symmetric case and h a l f  t h e  number o f  nodes i n  t h e  
r a d i a l  d i r e c t i o n  of t h e  r a d i a l  f i e l d s  components f o r  t h e  an t i symmetr ic  
case. I n  the  p la sma  s l a b ,  t h e  r a d i a l  and a x i a l  f i e l d s  components are  
Body waves of d i f f e r e n t  
- 3 -  
, 
changed t o  t h e  a p p r o p r i a t e  geometric c o u n t e r p a r t .  These waves have 
been f i r s t  d i scussed  by T r i v e l p i e c e  and Gould (1959). 
3 . )  Body wave-surface wave (B W S W) 
I n  a d d i t i o n  t o  t h e  above two t y p e s  of waves, there exist what w e  
c a l l  "body wave-surface waves" which are a combination of  body waves 
and s u r f a c e  waves, The propagat ion c o n s t a n t  i n s i d e  t h e  plasma i n  t h e  
d i r e c t i o n  p e r p e n d i c u l a r  t o  t h e  d i r e c t i o n  of  propagat ion  is  complex, 
implying damped o s c i l l a t i n g  waves. Outside t h e  plasma t h e s e  waves are 
damped, 
S e s h a d r i  (1966) - 
These waves have been d iscussed  p r e v i o u s l y  by Owyang and 
Previous  a n a l y s e s  of t h e s e  problems have been of v a r y i n g  degrees  
of complexi ty  depending upon what approximations have been made i n  t h e  
c a l c u l a t i o n s  and whether magnet ic  f i e l d s  are p r e s e n t  o r  n o t .  
t h e  most impor tan t  papers  r e l a t e d  t o  t h i s  s u b j e c t  i s  t h e  one by 
T r i v e l p i e c e  and Gould (1959) who analyzed t h e  t rapped  modes i n  a 
magnetized plasma c y l i n d e r  u s i n g  the q u a s i s t a t i c  approximation,  and 
t h e n  exper imenta l ly  v e r i f i e d  t h e  e x i s t e n c e  of  t h e  symmetric s u r f a c e  
wave, A t  about  t h e  same t i m e ,  Fainberg and Gorbatenko (1959) obta ined  
t h e  d i s p e r s i o n  r e l a t i o n  f o r  t h e  symmetric s o l u t i o n  f o r  t h e  magnetized 
plasma c y l i n d e r  u s i n g  t h e  f u l l  set of Maxwell's e q u a t i o n s ,  
d i s p e r s i o n  curves  were presented  and t h e  d i s p e r s i o n  r e l a t i o n  was k e p t  
i n  a very  complicated form, 
One of 
However, no 
A more complete d i s c u s s i o n  of t h e  modes i n  a plasma rod  was 
g i v e n  by G r a n a t s t e i n ,  Schles inger  and Vigant (1963) who a l s o  analyzed 
... 4 - 
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c 
t h e  dipDlar modes. These a u t h o r s  only cons idered  t h e  extremes of 
i n f i n i t e  and zero  magnetic f i e l d s ,  however 
A semi q u a n t i t a t i v e  a n a l y s i s  of t h e  c u t o f f  and resonance l o c i  
of  a l l  the p o s s i b l e  t rapped  mades i n  magnerized plasma rods  w a s  g iven  
by G r a n a t s t e i n  and S c h l e s i n g e r  (1964) w i t h  t h e  h e l p  o t  a mapping i n  a 
3 parameter s p a c e ,  However, they  avoided t h e  numerical  s o l u t i m  of t h e  
exac t  d i s p e r s i o n  r e l a t i o n ,  Numerical s o l u t i o n s  of t h e  exac t  symmerric 
d i s p e r s i o n  r e l a t i o n  have been given by Formato and G i l a r d i n i  (1962),  
Camus (19651, and Yip and Seshadr i  (1961),  Bevc (1962) solved t h e  
problem of rrhe p l a s m a - f i l l e d  w a j e  guide i n  a magnetic f i e l d .  However, 
due L O  d i f f e r e n t  boundary c o n d i t i o n s ,  differenrr  r e s u l t s  a r e  obta ined .  
Numerous experiments  have been performed on plasma rods  wi thout  
magnetic f i e l d s ,  i n  o r d e r  t o  v e r i f y  t h e  e x i s t e n c e  and t h e  p r o p e r t i e s  
of t h e  s u r f a c e  waves. Aka0 and I d a  (1963, 1964) demonstrated t h e  
backward characcer  of t h e  wave f o r  t h e  d i p o l e  mode. Breakdown of 
q u a s i s t a t i c  theory  and v e r i f i c a t i o n  of t h e  more e x a c t  Lheory w a s  shown 
i n  t h e  work of G r a n a t s t e i n  and S c h l e s i n g e r  (1965) ,  Lepr ince  and Pommier 
(1966) and G r a n a t s t e i n ,  Korn, Ojo  and S c h l e s i n g e r  (1967),  
Trapped modes on plasma s l a b s  wi thout  a magnet ic  f i e l d  were 
o r i g i n a l l y  i n v e s t i g a t e d  by Shuman (1948) and O e h r l  (1957).  However, 
t h e i r  s o l u t i o n s  were n o t  complete s i n c e  they  c o n s i d e r e d  o n l y  a symmetric 
d i s t r i b u t i o n  of t h e  f i e l d s .  F u l l  d e t a i l s  on t h e  spectrum of e l e c t r o -  
magnetic waves guided by a plasma l a y e r  w i t h o u t  a magnet ic  f i e l d  w a s  
f i r s t  p resented  by T a m i r  and O l i n e r  (1963).  Hodara and Cohn (1962) 
s t u d i e d  t h e  propagat ion  c h a r a c t e r i s t i c s  of e l e c t r o m a g n e t i c  waves i n  t h e  
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l i m i t  of ze ro  and i n f i n i t e  magnetic f i e l d .  Be r ton i  and Hessel (1966) 
a l s o  ob ta ined  t h e  d i s p e r s i o n  r e l a t i o n  f o r  an  i n f i n i t e  magnetic f i e l d  
and s t u d i e d  power f low and group v e l o c i t y .  I n  t h e s e  c a s e s  t h e  d i -  
e l ec t r i c  t e n s o r  has  only  d i agona l  terms which g r e a t l y  s i m p l i f i e s  t h e  
a n a l y s i s .  
A complete d i s c u s s i o n  of t h e  t r apped  modes i n  a magnetized 
plasma s l a b  has  no t  p rev ious ly  been given.  Adiachi  and Mushiake (1963) 
p r e s e n t  a few b r i e f  remarks on t h i s  c a s e ,  bu t  no d e t a i l s  are publ i shed .  
I n  a d d i t i o n ,  t h e r e  has  n o t  been a c r i t i c a l  o r  complete a n a l y s i s  of t h e  
f i e l d  behavior  of e i t h e r  t h e  magnetized p lasma rod o r  s l a b  i n  any of 
t h e  p rev ious  s t u d i e s .  
I n  t k  p r e s e n t  a n a l y s i s ,  t h e  plasma s l a b  and c y l i n d e r  problems 
are s t u d i e d  assuming a f i n i t e  D. C. magnet ic  f i e l d  p r e s e n t  a long  t h e  
axis of t h e  column. It i s  f u r t h e r  assumed t h a t  t h e  d i s t r i b u t i o n  of 
e l e c t r o n s  i n  t h e  plasma i s  homogeneous. 
e q u a t i o n s  is used and t h e  d i e l e c t r i c  t e n s o r  o f , t h e  c o l d  plasma theory  
assuming nc i on  motion re la tes  t h e  e l ec t r i c  displacement  5 t o  t h e  
e lec t r ic  f i e l d  E. 
t e n s i t y  of t h e  app l i ed  magnetic f i e l d  and t h e  s l a b  t h i c k n e s s  o r  t h e  
column d iameter .  
f i e l d s  is analyzed .  
The f u l l  set of Maxwell's 
The va ry ing  parameters  of t h e  problem are t h e  in-  
The behavior  o f  both t h e  d i s p e r s i o n  r e l a t i o n  and t h e  
I n  Chapter 2 t h e  s l a b  geometry is s t u d i e d .  I n  s e c t i o n  2 . 1  w e  
o b t a i n  t h e  complete d i s p e r s i o n  r e l a t i o n  i n  t h e  presence  of a f i n i t e  
magnet ic  f i e l d ,  D i f f e r e n t  l i m i t s  a r e  cons idered  i n  s e c t i o n  2 .2  where 
w e  v e r i f y  t h a t  our expres s ions  reduce t o  t h e  r e s u l t  p r e v i o u s l y  obta ined  
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i n  s i m p l i f i e d  a n a l y s e s ,  
nances of t h e  t rapped  modes- The d i s p e r s i o n  curves for  d i f f e r e n t  va lues  
of t h e  parameters ( i n t e n s i t y  of t h e  a p p l i e d  magnetic f i e l d  and s l a b  
t h i c k n e s s )  are shown i n  s e c t i o n  2 , 4  and t h e  d i f f e r e n t  t y p e s  of wave 
s o l u t i o n s  of t h e  problem are analyzed.  I n  sec t io r ,  2 , 5  t h e  behavior  of 
t h e  f i e l d s  is  s t u d i e d ,  
approximation, i s  developed and s t u d i e d  i n  d e t a i l  i n  s e c t i o n  2.6,  
I n  s e c t i o n  2 - 3  w e  s t z d y  t h e  c u t o f f s  and reso-  
A new approximation,  c a l l e d  t h e  "one wave" 
Chapter 3 i s  devoted t o  t h e  a n a l y s i s  of t h e  plasma rod problem. 
I n  s e c t i o n  3 , 1  we  o b t a i n  t h e  g e n e r a l  d i s p e r s i o n  r e l a t i o n ,  Using an 
I analogy between t h e  s l a b  problem and t h e  rod problem, a s i m p l i f i c a t i o n  
of t h e  c o e f f i c i e n t s i s  i n d i c a t e d  which l e a d s  t o  a r e l a t i v e l y  s imple 
d i s p e r s i o n  r e l a t i o n ,  e s p e c i a l l y  i n  t h e  case of  t h e  c i r c u l a r l y  symmetric 
mode and the d i p o l a r  mode, The d i s p e r s i o n  r e l a t i o n s  are analyzed i n  
s e c t i o n  3 -2  f o r  d i f f e r e n t  v a l u e s  of  magnet ic  f i e l d  s t r e n g t h  and rod  
t h i c k n e s s .  F i n a l l y ,  i n  s e c t i o n  3 , 3  t h e  behavior  of t h e  f i e l d s  i s  
s t u d i e d ,  and t h e  ''one wave" approximation i s  d i s c u s s e d  f o r  b o t h  t h e  
c i r c u l a r l y  symmetric and d i p o l a r  modes. 
1 .2  DEFINITION OF SYMBOLS 
For convenience w e  d e f i n e  h e r e  a l l  t h e  symbols used i n  t h e  
theory ,  
e a b s o l u t e  v a l u e  of t h e  charge  of t h e  e l e c t r o n  
m mass of t h e  e l e c t r o n  
n number d e n s i t y  of t h e  e l e c t r o n s  
C speed of l i g h t  
0 
w =  (4nnoe2)'electron plasma f requency  
m P 
- 7 -  
a p p l i e d  magnetic i n d u c t i o n  
e l e c t r o n  c y c l o t r o n  frequency 
0 
B 
n =  e Bo 
a = R  normalized c y c l o t r o n  frequency 
w f requency o f  the wave 
y = -  normalized wave frequency 
m 
w 
w 
P 
component o f  the d i e l e c t r i c  t e n s o r  T = -  Y 2 - 1  
Y 2  
Y 2- a2-1 
S =  component o f  the d i e l e c t r i c  t e n s o r  
Y 2- a2 
Y(Y2-.2) 
- a  D =  component of  the d i e l e c t r i c  t e n s o r  
H “II 5 i  
H 
c o e f f i c i e n t s  of t h e  s i n h  o r  cosh 
f u n c t i o n s  f o r  t h e  f i e l d s  i n s i d e  
t h e  plasma 
propagat ion  cons tan t  i n  t h e  5 d i r e c t i o n  
propagat ion  cons tan t  i n  t h e  5 d i r e c t i o n  K c  
normalized propagat ion c o n s t a n t  i n  t h e  
5 d i r e c t i o n  
5 x = -  
c K  
P 
w 
normalized propagation cmstant  ir! t h e  
5 d i r e c t i o n  
5 z = -  
c K  
P 
(I) 
K propagat ion  cons tan t  i n  t h e  5 d i r e c t i o n  
50 o u t s i d e  t h e  p l a s m a  
- 8 -  
c 
a half the slab thickness or radius of the 
plasma column 
normalized thickness or normalized diameter 
2 a  w 
2b = -' 
C 
x -   normalized distance from the center of the 
C column 
A = B 2  - 4 C  
2 + 
x 1 2  = B - J B '  - 4 C  
2 
TZ2 - S T Y 2  - SX 2 - 
i Bi - i = 1,2 
. 
- 9  - . 
2 PLASMA SLAB 
2 . 1  DERIVATION OF THE DISPERSION RELATION 
2 . 1 . 1  The Model 
We in t roduce  a r e c t a n g u l a r  coord ina te  system 5, rl,  5. A plasma 
s l a b  imbeded i n  a uniform magnetic f i e l d  i n  t h e  5 d i r e c t i o n  i s  l o c a t e d  
between t h e  two p lanes  de f ined  as 5 = +a and 5 = -a. The s l a b  i s  
i n f i n i t e  i n  t h e  rl and 5 d i r e c t i o n .  A monochromatic wave is  assumed t o  
be  propagat ing  i n  t h e  5 d i r e c t i o n .  Because of t h e  geometry of t h e  prob- 
l e m ,  t h e r e  i s  no f i e l d  v a r i a t i o n  i n  t h e  rl d i r e c t i o n .  W e  can thus  w r i t e  
t h e  e l e c t r i c  and t h e  magnetic vec to r s  i n  t h e  fo l lowing  forms. 
The d i e l e c t r i c  p r o p e r t i e s  of t h e  plasma are r ep resen ted  by t h e  c o l d  
p l a sma  d i e l e c t r i c  t e n s o r :  
where 
D = - a  f Y ( Y L a 2 )  
T = (Y2-1)  / Y 2  
and 
w s - s2 Y = -  
P 
w 
P w 
Using t h e  Equat ions 1, 2 ,  and 3 w e  can wri te  Maxwell's equa t ions  i n  t h e  
form: 
- 10 - 
5 i w  H 
a~ 
( 4 )  - -0 = -
a 5  C 
n = -  i w  T E a~ 
a 5  C 5 
-(9 1 
The above s e t  of e q u a t i o n s  y i e l d s  two independent  s o l u t i o n s ,  The 
5 
f i r s t  s o l u t i o n ,  r e f e r r e d  t o  as t h e  symmetric s o l u t i o n ,  i s  such t h a t  E 
and H are  even f u n c t i o n s  of 5 and a l l  t h e  o t h e r  f i e l d  components are 
odd f u n c t i o n s  of 5 ,  For t h e  o t h e r  s o l u t i o n ,  E and H are odd f u n c t i o n s  
of  5 and a l l  t h e  o t h e r  components are even f u n c t i o n s  of 5 .  This  
5 
5 5 
s o l u t i o n  w i l l  be r e f e r r e d  t o  a s  t h e  an t i symmetr ic  s o l u t i o n ,  
The s e p a r a t i o n  of t h e  s o l u t i o n  i n t o  symmetric and an t i symmetr ic  
p a r t s  i s  p o s s i b l e  because of  t h e  p a r t i c u l a r  form of t h e  d i e l e c t r i c  
t e n s o r  and because t h e  f u n c t i o n s  are independent  of q. T h i s  method 
can a l s o  be a p p l i e d  t o  t h e  problem of  t h e  magnetized ferr i te  s l a b .  It 
enables  a s i m p l i f i c a t i o n  i n  t h e  c a l c u l a t i o n  o f  t h e  d i s p e r s i o n  r e l a t i o n .  
Furthermore,  i t  emphasizes t h e  d i f f e r e n c e s  between t h e  two p o s s i b l e  
modes which have q u i t e  d i f f e r e n t  p r o p e r t i e s  as  w i l l  be  shown l a t e r .  
2.1.2 The Dispersion Rela t ion  
2 .1 .2 .1  Symmetr ic  Dispers ion  R e l a t i o n  
To obta in  t h e  d i s p e r s i o n  r e l a t i o n  i n  t h e  symmetric case w e  
- 11 - 
s u b s t i t u t e  t h e  assumed form f o r  E 
S ince  they are symmetric w i th  r e spec t  t o  5 and s i n c e  w e  are mainly 
i n t e r e s t e d  i n  s u r f a c e  waves and using t h e  f a c t  t h a t  Maxwell's equa t ions  
are l i n e a r  w i t h  cons t an t  c o e f f i c i e n t s  w e  can t a k e  t h e  5 dependence of 
E 
and H 5 5 i n t o  t h e  Equat ions 4 t o  9.  
and Hc i n s i d e  t h e  plasma t o  be of t h e  form: 5 
(10) EL; = E cosh K S S  
H = H cosh K 5 S  
c i  
5 5 i  
The o t h e r  components of  t h e  f i e l d s  a r e  w r i t t e n :  
(11) ES = Esi s i n h  K s <  
En = E s i n h  K 5 
HS = H s i n h  K 5 6  
H = H s i n h  K5< 
v i  5 
s i  
n Qi 
It is  then  found t h a t  f o r  Maxwell's equa t ions  t o  y i e l d  a n o n t r i v i a l  
s o l u t i o n  i t  i s  necessa ry  t h a t  
X4 - B X2 + C = 0 
o r ,  e q u i v a l e n t l y  
+ B - B' - 4.C 
2 
where 
(13) B = $ [ z2 (S + T) - Y2 (ST + S2 - D2)] 
KSi 
i = 1 , 2  - 
,,I 
? xi w 
Kc z = -  
w 
P P 
The q u a n t i t i e s  X and Z are t h e  normalized propagat ion  c o n s t a n t s  i n  t h e  
5 and 5 d i r e c t i o n  wh i l e  Y is  t h e  normalized frequency. 
- 12 - 
The g e n e r a l  symmetric s o l u t i o n  can now be  w r i t t e n  
E l  cosh K E; + E2  COS^ K 5 
51 5 2  
E l  BI K E 2  B2 cosh K 5 
52 D Y Z  
515 - D Y Z  
B1 s i n h  K 5 + E2 B2 s i n h  K 5 
D X1z 51 5 2  
i E 1 T Y  i E 2 T Y  s i n h  K 5 s i n h  K 5 - 
52 
x2 
51 X 1  
x exp ( i  K 5 - i u t )  
5 
- a & S d a  
where E 1  and E2 are two c o n s t a n t s  and 
(16) pi = T Z 2  - STY2 - SXi2 i = 1, 2 
We can c a l u c u l a t e  t h e  components of t h e  e l e c t r i c  and magnet ic  v e c t o r s  
o u t s i d e  t h e  plasma i n  t h e  s a m e  way. The propagat ion  c o n s t a n t  i n  t h e  5 
d i r e c t i o n  has t o  be  t h e  same i n s i d e  and o u t s i d e  t h e  plasma i n  o r d e r  t o  
match t h e  boundary c o n d i t i o n s ,  Denoting t h e  propagat ion  c o n s t a n t  i n  t h e  
5 d i r e c t i o n  as K r  , w e  o b t a i n :  
I 
- 1 3  - 
where sgn ( 5  ) i s  t h e  s i g n a t u r e  of  5 and i s  equa l  t o  +1 i f  5 is  p o s i t i v e  
and t o  -1 i f  5 i s  nega t ive .  
I n  o r d e r  t o  have a n o n t r i v i a l  s o l u t i o n  of Maxwell’s e q u a t i o n s ,  
c K  
P 
Xo = I_ must s a t i s f y  
w 
(18) xo2 = z2  - Y 2  
o r  x = J z 2 - y 2  z > / Y  
x =  -i J y2 - 2 2  Y > , Z  
0 
0 
The minus s i g n  i s  chosen t o  s a t i s f y  t h e  r a d i a t i o n  cond i t ion .  
r e s t r i c t i n g  out  a n a l y s i s  t o  t h e  case Z > Y. 
We are 
I n  t e r m s  of t h e  two cons t an t s  E and H t h e  f i e l d s  o u t s i d e  t h e  
0 0’ 
plasma can b e  w r i t t e n  
- -  
E 
5 
H 
5 
5 E 
E 
II 
5 
H 
rl 
H 
0 
E 
0 
H 
0 
X 
The d i s p e r s i o n  r e l a t i o n  i s  now e a s i l y  ob ta ined  by r e q u i r i n g  t h a t  
E E H H and D be continuous a c r o s s  t h e  boundar ies .  Since w e  
a l r e a d y  expressed  t h e  symmetry o r  the  antisymmetry of t h e  f i e l d s  w i t h  
r e s p e c t  t o  t h e  p l ane  5 = 0 ,  we need only  wri te  t h e  boundary cond i t ions  
f o r  5 = +a and o b t a i n :  
5’ r)’ 5’ rl 5 
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cosh Xlb + T Xo s i n h  Xlb - 
X1 
B1 (cosh Xlb + Xo s i n h  Xlb) - 
X1 
+ - T X 0 s i n h  X2b ] [I 
X2b + Xo s i n h  X2b) 
x2 
= o  
- 
x2 
a up 
where b = i s  t h e  normalized th i ckness .  The d i s p e r s i o n  r e l a t i o n  i s  
C 
t h e  cond i t ion  f o r  n o n t r i v i a l  s o l u t i o n  and i s  obta ined  by s e t t i n g  t h e  
determinant  of  t h e  above square  ma t r ix  equa l  t o  zero.  
2 . 1 . 2 . 2  Antisymmetric Dispers ion  Re la t ion  
The 5 dependence of  E and H i s  now taken  t o  be of t h e  form 5 5 
s i n h  K 5 i n s i d e  t h e  plasma and sgn (5)  exp (-K 
s l a b .  From a s imi l a r  a n a l y s i s  w e  o b t a i n  t h e  f i e l d s  i n s i d e  and o u t s i d e  
t h e  s l a b  t o  b e  
15 1 ) o u t s i d e  t h e  
5 50 
E 
H 
E 
E. 
H 
H 
El s i n h  K 5 + E2 s i n h  K 5 
51 5 2  
i E2 (TY2+Xz2) cosh K 
52 
(TY2+Xl2) cash K i E1 - - 
XI z 
E2 B2 cosh K 5 
515 + - 52 @’ cosh K D X2Z D X2Z 
E2 B2 cosh K 5 5 2  - - 52 - ’’ cosh K D Y XI D Y X2 
exp ( i  K 5 - i w t )  
5 
- a < S , c a  
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E i  
'i 
E l  
' i  
'T 
The d i s p e r s i o n  r e l a t i o n  i s  ob ta j  
x exp ( - K ~  151 + i K 5 - i w t )  
5 
- a > , S % a  
0 
d by s e t t i n g  t h e  de te rminant  of t h e  
fo l lowing  2 x 2 m a t r i x  equa l  t o  zero: 
T X  s i n h  Xlb + o cosh Xlb s i n h  X2b + - '0 cosh X2b E 1  
X 1  x2 
(23) = o  
B1 ( s i n h  Xlb + - '0 cosh X l b )  B 1  ( s i n h  X2b + - '0 cosh X2b) E 2  
X 1  x2 
The on ly  d i f f e r e n c e  between t h e  symmetric and t h e  ant isymmetr ic  
case f o r  t h e  f i e l d s  component i n s i d e  t h e  plasma and f o r  t h e  d i s p e r s i o n  
r e l a t i o n  i s  t h a t  t h e  s i n h  and cosh f u n c t i o n s  are in te rchanged ,  
2.2 APPROXIMATE LIMITS 
2 . 2 . 1  Q u a s i s t a t i c  L i m i t  
- 
I n  t h e  q u a s i s t a t i c  t heo ry ,  the t e n I  is  neg lec t ed  ir? c m -  
a t  
p a r i s o n  w i t h  t h e  term V x F .  Bers (1963) p o i n t s  o u t  t h a t  t h i s  
approximation is v a l i d  only  i f  
( 2 4 )  Z >> Y 
- 16 - , 
(25) X > >  Y 
I f  t h e  l i m i t  Z'>Y i s  taken  i n  t h e  Equation 1 2 ,  w e  o b t a i n  f o r  t h e  
propagat ion cons tan t  i n  t h e  5 d i r e c t i o n  
(26) Xj. Z 
Y# 1, y s  E-- (2'7) X 2  .. Z 
Consequently, if Y is  n o t  e q u a l  t o  1 o r  5 ,  Equation 25 is  a l s o  s a t i s f i e d  
and w e  o b t a i n  t h e  r e s u l t  of  t h e  q u a s i s t a t i c  t h e o r y  e x p l i c i t l y .  
1 . )  Symmetric 
2 . )  Antisymmetric 
(29) Tanh b Z - T fi 
I n  the l i m i t  Y -f 1, i t  can be shown e a s i l y  t h a t  t h e  propagat ion  
c o n s t a n t s  X i  and X 2  t end  toward t h e  same l i m i t s  as Equat ions 26 and 27, 
Now, however, Equation 25 i s  n o t  s a t i s f i e d  s i n c e  as Y +. 1, T +. 0. 
The q u a n t i t y  X 2  then  has  t h e  l i m i t  
' X 2  = T I 2  + k T I 2  k = 0 ,  1, 2 . . . 
The d i s p e r s i o n  r e l a t i o n s  o b t a i n e d  i n  t h i s  l i m i t  are t h e  same as Equa- 
t i o n s  28 and 29, i . e ,  t h e  q u a s i s t a t i c  d i s p e r s i o n  r e l a t i o n .  The reason  
t h e  q u a s i s t a t i c  r e s u l t  is  c o r r e c t  even though Equat ion 25 i s  n o t  
s a t i s f i e d  i s  t h a t  t h e  magnetic v e c t o r  goes t o  z e r o  when Z / Y  +. 03 
and Equations 28 and 29 become t h e  e x a c t  d i s p e r s i o n  r e l a t i o n s .  
I n  t h e  l i m i t  Y -+ c1 , t h e  propagat ion  c o n s t a n t s  i n  t h e  5 d i r e c -  
t i o n  have t h e  fol lowing l i m i t s :  
. 
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( 3 0 )  X i 2  = Z2 
X z 2  = z2  T 1 - 2 SY2 
7-S 
When z goes t o  i n f i n i t y ,  S goes t o  i n f i n i t y  i n  such a way t h a t  X ,  re- 
mains f i n i t e .  This  must be  t r u e  i n  o r d e r  t o  have a s o l u t i o n  of t h e  
d i s p e r s i o n  r e l a t i o n s .  The d i spe r s ion  r e l a t i o n s  then  t a k e  t h e  form: 
1.) Symmetric 
2 .  ) Antisymmetric 
( 3 2 ) f l b  - 2  zyl' Tanh b Z T 1 -2 SY + T = 0 &[ z2;l?i 
The same resonan t  f requency Y = CI is  ob ta ined  as i n  t h e  q u a s i s t a t i c  
t heo ry  
Except f o r  t h e  case Y = a, the  exac t  d i s p e r s i o n  r e l a t i o n  re- 
duces  t o  t h e  q u a s i s t a t i c  t heo ry  i n  t h e  l i m i t  of l a r g e  Z/Y.  However, 
i n  t h e  q u a s i s t a t i c  t h e o r y ,  on ly  one wave w i t h  propagat ion  cons t an t  
X 2  = Z &propagates.  I n  t h e  theory us ing  t h e  f u l l  set of Maxwell's 
e q u a t i o n s ,  t h e r e  are s t i l l  two waves even when Z >> Y. The exp lana t ion  
S 
f o r  t h i s  apparent  d i screpancy ,  as w i l l  be  shown la ter ,  i s  t h a t  t h e  wave 
w i t h  propagat ion  cons t an t  X1 has a much smaller ampli tude than  t h e  wave 
w i t h  propagat ion  c o n s t a t  Xz. 
The q u a s i s t a t i c  t heo ry  con ta ins  many of t h e  f e a t u r e s  of t h e  
complete  t h e o r y ,  b u t  i n  a s imple r  form. Consequently,  w e  w i l l  s tudy  
b r i e f l y  some of  t h e  r e s u l t s  of  t h e  q u a s i s t a t i c  theory .  
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The solutions o f  t h e  symmetric and ant isymmetr ic  d i s p e r s i o n  
r e l a t i o n  a r e  shown on Figures  1 t o  8 f o r  d i f f e r e n t  v a l u e s  of  a and b ,  
These values a r e  chosen s o  t h a t  w e  are a b l e  t o  p i c k  up a l l  t h e  d i f f e r e n t  
k i n d s  of waves conta ined  i n  t h i s  theory.  Also,  t h e s e  v a l u e s  r e p r e s e n t  
t y p i c a l  o rder  of magnitudes encountered exper imenta l ly .  The waves f o r  
which t h e  phase v e l o c i t y  and t h e  group v e l o c i t y  have t h e  same s i g n  are 
r e f e r r e d  t o  as forward waves, whereas t h e  waves w i t h  phase and group 
v e l o c i t y  of o p p o s i t e  s i g n  are r e f e r r e d  t o  a s  backward waves, 
1.) Symmetric case 
When a is smaller than  one, t h e  waves are always forward i n  
t h e  r e g i o n  of  t h e  Y Z p lane  where Y i s  smaller than  f7 and 
backward i n  t h e  r e g i o n  of  t h e  p lane  where 1 < Y 4 3  e A s  s e e n  
from Figures  1 and 2 ,  a s u r f a c e  wave propagates  f o r  t h e  f r e q u e n c i e s  
between a and A l l  t h e  o t h e r  curves  correspond t o  body 
waves of d i f f e r e n t  o r d e r -  No propagat ion  i s  p o s s i b l e  i f  
Y 1* A s  b i n c r e a s e s ,  t h e  s l o p e  of  t h e  curves  s i t u a t e d  below t h e  
l i n e  Y = 1 i n c r e a s e s .  The asymptote Y = 1 is  a l s o  reached more 
r a p i d l y ”  (Compare t h e  F igures  1 and 2 , )  
1 + aL 
On Figures  3 and 4 ,  d i s p e r s i o n  curves  f o r  a > 1 are p r e s e n t e d .  
It i s  s e e n  t h a t  on ly  body waves p r o p a g a t e ,  There are no s u r f a c e  waves. 
The gap of frequency where no waves propagate  i s  now between 1 and an 
The e f f e c t  o f  i n c r e a s i n g  b i s  a g a i n  t h a t  o f  d i s p l a c i n g  t h e  curves  t o  
t h e  l e f t .  
2 . )  Antisymmetric case 
Figures  5 t o  8 show t h e  d i s p e r s i o n  c u r v e s  f o r  a = 0.5 and 1 .5  
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wi th  b = .1 o r  1. When ct i s  s m a l l e r  than  one, a backward s u r f a c e  wave 
ex i s t s  f o r  f r equenc ie s  between 1 and 
waves are forward,  wh i l e  f o r  Y > 1, the  body waves are backward. Note 
t h a t  BWO i s  a l s o  backward, which d i f f e r s  from t h e  symmetric case 
(Figures  1 and 2 ) .  A s  b i s  inc reased ,  t h e  curves  a r e  s h i f t e d  t o  t h e  
l e f t  
. When Y < ct t h e  body P-F 
For ct > 1, only  body waves propagate.  These waves are  forward 
f o r  Y < 1, and backward f o r  Y a. No waves propagate  i n  t h e  frequency 
gap 1 4  Y 4 a. Again, i n c r e a s i n g  b corresponds t o  s h i f t i n g  t h e  d i s -  
p e r s i o n  curve t o  t h e  l e f t .  The type of wave i s  n o t  changed and t h e  
c h a r a c t e r i s t i c s  are t h e  same. 
The q u a s i s t a t i c  t heo ry  i s  not expected t o  be  v a l i d  f o r  Z - Y  o r  
f o r  Y = a. In t h e  r eg ion  where q u a s i s t a t i c  t heo ry  b reaks  down, w e  w i l l  
f i n d  some important  d i f f e r e n c e s  between t h e s e  r e s u l t s  j u s t  d i scussed  
and t h o s e  obta ined  from t h e  complete d i s p e r s i o n  r e l a t i o n .  
2 . 2 . 2  I n f i n i t e  Magnetic F ie ld  L i m i t  
I n  t h e  l i m i t  of magnetic f i e l d  s t r e n g t h  going t o  i n f i n i t y ,  t h e  
plasma d i e l e c t r i c  t e n s o r  has  only  a u n i a x i a l  an i so t ropy .  Equation 1 2  
f o r  t h e  propagat ion  cons t an t s  i n s ide  t h e  plasma reduces t o  
( 3 3 )  XI2 = z2  - Y2 
x22 = (Z2 - Y2) T 
w h i l e  t h e  c o e f f i c i e n t s  Bi become 
( 3 4 )  6 1  = (T - 1) (z2 - Y2) 
6 2  = 0 
- 28 - 
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S u b s t i t u t i n g  t h e s e  v a l u e s  i n  t h e  d i s p e r s i o n  r e l a t i o n s  (Equations 20 
and 23) y i e l d s  
1 , )  Symmetr ic  
1 (35) Tanh b JT ( Z L  - Y L )  = -  
2 , )  Antisymmetric 
(36) Tanh b I T  ( 2 2  - Y2) = - 
These e x p r e s s i o n s  were g iven  p r e v i o u s l y  by Hodara and Cohn (1962). 
The v a l u e  f o r  E 1  i s  found i n  b o t h  cases t o  b e  z e r o ,  s o  t h a t  o n l y  t h e  
wave w i t h  propagat ion  c o n s t a n t  X2 propagates .  
2 . 2 - 3  Zero Magnetic F i e l d  L i m i t  
I n  t h e  l i m i t  of  B going t o  z e r o ,  XI and X2 t e n d  t o  t h e  same 
v a l u e ,  namely 
(37) x = 422 - s Y 2  
Only one wave i s  needed t o  match t h e  boundary c o n d i t i o n s ,  The d i s -  
p e r s i o n  r e l a t i o n  becomes 
1 . )  Symmetric 
ZL - Y L  + 1 (38 )  Tanh b 4 z 2 - y 2 + 1  = - j  
T J Z z  - Yz 
2 . )  Antisymmetric 
T J ZL - Y L  (39) Tanh b JzL - YL + 1 = - 
These r e s u l t s  are a l s o  i n  agreement w i t h  t h o s e  o b t a i n e d  by Hodara and 
Cohn (1962). The d i s p e r s i o n  curves  f o r  t h e  symmetrical case always h a s  
a p o s i t i v e  s l o p e ,  as Shown on F i g u r e s  9 and 10. Only a forward s u r f a c e  
wave propagates ,  For t h e  a n t i s y m m e t r i c a l  case, t h e  s u r f a c e  wave i s  
I .  
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p u r e l y  forward i f  b is  g r e a t e r  than  b and i s  forward and then  back- 
ward i f  b is  smaller t h a n  bmin, where bmin i s  g iven  by 
m i n '  
7 i 
and Uo is  t h e  s o l u t i o n  of t h e  equat ion 
Tanh pT- - m 
uO 
uo - 1 
Figures  11 and 1 2  show t h e  two d i f f e r e n t  k inds  o f  behavior  t h a t  may b e  
obta ined .  A s  Z i n c r e a s e s ,  t h e  a b s o l u t e  v a l u e  o f  t h e  group v e l o c i t y  de- 
creases and becomes z e r o  f o r  Y = - i n  b o t h  cases. 
l 
fi 
2.2.4 L i m i t  when Y = 1 (w = w ) 
The l i n e  Y = 1 p l a y s  a very  important r o l e  i n  t h e  a n a l y s i s  of  
P 
t h e  r e s u l t s .  A s  w i l l  b e  shown i n  s e c t i o n  2.3.2, Y = 1 i s  a resonant  
f requency whether ci i s  smaller o r  greater than  one. 
We t a k e  t h e  l i m i t  of  Y going t o  I i n  t h e  d i s p e r s i o n  r e l a t i o n  
and assume Z d i f f e r e n t  from 1 but  f i n i t e .  (Y = Z = 1 cannot i n  g e n e r a l  
b e  a s o l u t i o n  of  t h e  d i s p e r s i o n  r e l a t i o n .  We show i n  s e c t i o n  2 . 3  t h a t  
Y = Z = 1 is a s o l u t i o n  only  when the  t h i c k n e s s  becomes i n f i n i t e ) ,  We 
o b t a i n  : 
1.) Symmetric 
( 4 0 )  S (Z2 - 1) + X Tanh b 4 Z'- 1 = 0 
0 
T h i s  e q u a t i o n  does n o t  have a s o l u t i o n .  Consequently,  t h e  d i s p e r s i o n  
c u r v e s  never  c r o s s  t h e  l i n e  Y = 1 f o r  f i n i t e  v a l u e s  of  Z. 
2. ) Antisymmetric 
2 
(41)  Tanh b = S (Z2-1) + b- (Z4-2S Z2+ S >  
- b m  (Z4-2SZ2+S) -S (Z2-1.)2+Z2 (1.-S) 
- 34 - 
t 
Depending upon t h e  v a l u e s  of  t h e  parameters  a and b y  t h i s  e q u a t i o n  h a s  
z e r o ,  one o r  two s o l u t i o n s ?  
For c1 t h e r e  i s  always one s o l u t i o n ,  For a< 1 t h e r e  e x i s t s  a 
value b = bm such t h a t  i f  b b Equation 4 1  h a s  two s o l u t i o n s  Z,  and 
Z2 (Zi .'- Z ~ I ) ~  This  i m p l i e s  t h e  e x i s t e n c e  of  a forward wave f o r  0 c Z 
Z, and a backward wave f o r  Z > Z2.  Figure  2 3  shows an example of 
m 
such a s i t u a t i o n -  For b bmy  Equation 4 1  does n o t  have any s o l u t i o n ,  
I n  t h e  q u a s i s t a t i c  t h e o r y ,  t h e  l i n e  Y = 1 was n o t  c r o s s e d  by 
t h e  symmetric d i s p e r s i o n  curve  and crossed  o n l y  once f o r  t h e  a n t i -  
symmetric s o l u t i o n  when ct c 1. When b w a s  i n c r e a s e d  from 0 . 1  t o  1,0, 
t h e  p o i n t  of i n t e r s e c t i o n  between t h e  l i n e  Y = 1 and t h e  d i s p e r s i o n  
curve  w a s  moved t o  t h e  l e f t  on t h e  graph,  (F igures  5 and 6),  W e  o b t a i n  
d i f f e r e n t  r e s u l t s  when t h e  complete d i s p e r s i o n  r e l a t i o n  is used. 
can be  expected s i n c e  t h e  c r o s s i n g  occurs  f o r  Z of  t h e  o r d e r  of  Y , ,  
i o e ,  when the  q u a s f s c a t i c  t h e o r y  i s  n o t  v a l i d .  
T h i s  
2 0  3 CUTOFF AND RESONANCES 
2,3.1 Cutoff 
'The c u t o f f  i s  def ined  as t h e  v a l u e  of  t h e  frequency f o r  which 
t h e  propagat ion c o n s t a n t  i n  t h e  5 d i r e c t i o n  o u t s i d e  t h e  plasma v a n i s h e s .  
This  condi t ion  w i l l  be  s a t i s f i e d  e i t h e r  when Y and Z b o t h  go t o  z e r o  o r  
when Y = Z ,  The f i r s t  case corresponds t o  t h e  lowes t  o r d e r  mode and t o  
t h e  low frequency body waves whichhave a c u t o f f  of  z e r o ,  
case t h e  propagat ion c o n s t a n t s  i n s i d e  t h e  plasma can b e  w r i t t e n  as 
For the second 
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and t h e r e f o r e  
9 
The d i s p e r s i o n  r e l a t i o n s  reduce t o  
(44) X1X2 Coth Xlb Coth X2b = 0 (Symmetric) 
X1X2 Tanh Xlb Tanh X2b = 0 (Antisymmetric) 
The cond i t ion  X i  = 0 ,  X2  = 0 ,  Coth Xlb = 0 o r  Tanh Xlb = 0 are n o t  
c o n s i s t e n t  w i t h  t h e  cond i t ion  Y = 2 so  t h a t  t h e  d i s p e r s i o n  r e l a t i o n  can 
be  f u r t h e r  s i m p l i f i e d  t o  
Coth X2b = 0 (Symnetric) 
Tanh X2b = 0 (Ant i s  ymme t r i c ) 
These two equa t ions  can be s a t i s f i e d  f o r  Y = Z on ly  when 
1.) Symmetric case  
The c u t o f f  frequency f o r  t h e  mode of o r d e r  k is  ob ta ined  from 
71 
X 2 b = i ( - ~ + k n )  k &  1 
which y i e l d s  
a2 (- L + k r ) 2  
b2 + (- T + kn)2 
2 TI 1 %  k > ,  1 
Figures  1 3  and 1 4  show Y p l o t t e d  versus  a and b f o r  t h e  
c,k 
lowes t  o r d e r  modes. I n  t h e  l i m i t  of l a r g e  b (F igure  1 4 1 ,  t h e  c u t o f f  
f requency f o r  a given magnet ic  f i e l d  s t r e n g t h  approaches w (Yc,k = 
Fcr thic slabs (b <<IT> t h e  cu to f f  f requencies  approach t h e  upper 
h y b r i d  frequency 1 + aL . Figure 13  shows t h e  v a r i a t i o n  of Y 
v e r s u s  c( f o r  b = 1. Because o f  t h e  r e l a t i v e l y  low va lue  of  b ,  t h e  
c ,k  
cu rves  f o r  t h e  o r d e r  2 and h i g h e r  are p r a c t i c a l l y  t h e  same. The 
- 38  - 
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cu to f f  of t h e  h ighe r  o rde r  modes occurs  p r a c t i c a l l y  a t  t h e  upper 
I hybr id  frequency. 
In t h e  case  where Q i s  g r e a t e r  than  one ( Q  > w ) t h e r e  e x i s t s  a 
P 
va lue  of s l a b  t h i c k n e s s ,  bk ,  g iven  by 
bk (2k-1) 'II 2 [I, + 
such t h a t  if b i s  greater than  bk ,  t h e  c u t o f f  frequency f o r  t h e  mode of 
o r d e r  k i s  smaller than  a. Figure  22 shows a case  where t h i s  p a r t i c u l a r  
cond i t ion  is s a t i s f i e d  f o r  t h e  mode of o r d e r  one. A s  w e  can see, t h e  
wave i s  f i r s t  forward and becomes backward as Z -+ m . I f  b i s  s u f f i -  
c i e n t l y  l a r g e ,  t h e  d i s p e r s i o n  curve does no t  c r o s s  Y = CY. and has  on ly  
a p o s i t i v e  s l o p e .  
I 
, 
2 . )  Antisymmetric case 
The c u t o f f  frequency f o r  t h e  mode of o r d e r  k i s  ob ta ined  by 
I w r i t i n g  
X , b = i k . r r  k h  1 
which y i e l d s  : 
Figures  15 and 16 show Y p l o t t e d  v e r s u s  CY. and b f o r  t h e  lowes t  o r d e r  
modes. For a g iven  va lue  of  CY., as b i n c r e a s e s ,  Y t e n d s  t o  1. The 
cu to f f  f requencies  become smaller and approach t h e  plasma frequency.  
c ,k  
c , k  
When b is  much smaller than IT, t h e  c u t o f f  f r e q u e n c i e s  approach t h e  
upper hybrid frequency m. 
When a i s  g r e a t e r  than  one,  t h e  c u t o f f  f requency may be  smaller 
than  t h e  cyc lo t ron  frequency i f  b i s  g r e a t e r  t h a n  bk, where 
. - 41 - 
Under t h e s e  c i rcumstances ,  t h e  wave of o r d e r  k starts as a forward 
wave, c r o s s e s  t h e  l i n e  Y = a and becomes a backward wave as Z -+ m. 
I f  b i s  much g r e a t e r  than  bk, t h e  wave remains forward u n t i l  i t  reaches  
t h e  resonance f o r  w = R .  It does n o t  c r o s s  t h e  l i n e  Y = a. 
2 . 3 . 2  Resonances 
The resonances occur  when t h e  phase v e l o c i t y  vanishes  f o r  a 
f i n i t e  va lue  of  t h e  frequency. This  i s  equ iva len t  t o  say ing  t h a t  Z 
becomes very  l a r g e  f o r  a f i n i t e  value of  Y.  (See Footnote  1). Two 
cases  have t o  be cons idered  depending upon whether a i s  g r e a t e r  o r  
smaller than  one. The case  a = 1 i s  j u s t  a l i m i t i n g  case  of  t h e  two 
p rev ious  ones.  The symmetric and ant isymmetr ic  d i s p e r s i o n  r e l a t i o n s  
y i e l d  t h e  same resonances.  These are: 
1 .1  a < l  
Y =  a ( w =  R) 
Y =/y ( w =$" p + R L  ) 
2 
Y =  1 ( w = w )  
a > l  
Y =  1 ( W ' W )  
Y =  a ( w = n )  
P 
P 
'It should  be  noted  t h a t  as t h e  resonance i s  approached, t h e  
t h e o r y  breaks  down and t h e  thermal  v e l o c i t y  of t h e  e l e c t r o n  should be  
i n c l u d e d  i n  t h e  a n a l y s i s  t o  o b t a i n  t h e  c o r r e c t  r e s u l t s .  
Diament, G r a n a t s t e i n  and Schles inger  (1966) t h e  phase v e l o c i t y  of t h e  
wave does n o t  van i sh  but  approaches t h e  e l e c t r o n  thermal  v e l o c i t y ,  
A s  ob ta ined  by 
- 42 - 
s i n h  X2b cash X2b + - s i n h  Xlb cosh X,b + - 
X I  x2 
( 4 8 )  
0 
X 
0 
X 
61. (cosh Xlb + - s i n h  Xlb) B2 (cosh X2b + - s i n h  X2b) 
X 1  x2 
2 , 4  RESULTS OF THE ANALYSIS 
= o  
2 . 4 . 1  R e s u l t s  from t h e  General  Dispers ion  R e l a t i o n  
The d i s p e r s i o n  r e l a t i o n  i n  t h e  symmetric case is  found from 
where X 2  = B f C  
2 1 , 2  
and A = B~ - 4c 
For t h e  ant isymmetr ic  case w e  simply i n t e r c h a n g e  t h e  cosh and s i n h  
f u n c t i o n s ,  
Since w e  are i n t e r e s t e d  i n  t h e  t r a p p e d  modes, w e  need o n l y  
c o n s i d e r  Xo r e a l  and p o s i t i v e .  Depending upon t h e  s i g n  of A and i t s  
a b s o l u t e  va lue ,  d i f f e r e n t  cases may occur .  These i n c l u d e :  
1.) A - 0 
The t w o  propagat ion  c o n s t a n t s  X I  and X2 are complex and t h e  wave 
is  b o t h  o s c i l l a t o r y  and damped, These are t h e  body wave-surface waves 
* 
mentioned i n  t h e  i n t r o d u c t i o n .  Using t h e  f a c t  t h a t  X 1  = -X2 where * 
9 
means complex conjugate ,  i t  i s  e a s i l y  shown t h a t  t h e  d i s p e r s i o n  re- 
l a t i o n  i s  pure imaginary.  
2 , )  A = 0 
The d i s p e r s i o n  e q u a t i o n  i s  i d e n t i c a l l y  s a t i s f i e d .  However, t h e  
c l o s e d  curve A = 0 i s  n o t  a s o l u t i o n  because  w e  do n o t  have two i n -  
dependent s o l u t i o n s  t o  match t h e  boundary c o n d i t i o n s ,  
3 . )  A 0 ,  B z J d - 2 0  
- 4 3  - 
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The q u a n t i t i e s  X l 2  and X 2 2  a r e  b o t h  p o s i t i v e  implying t h e  e x i s -  
tence o f  two s u r f a c e  waves. The d i s p e r s i o n  r e l a t i o n  is  real ,  
4 . )  A > 0, B + c> 0 ,  B -K< 0 
For t h i s  case X I  i s  real  and X 2  i s  pure  imaginary,  The f i e l d s  
are t h e n  a s u p e r p o s i t i o n  o f  one s u r f a c e  wave corresponding t o  X I  and one 
body wave, corresponding t o  X 2 .  The d i s p e r s i o n  r e l a t i o n  is  r ea l  f o r  t h e  
symmetric case and p u r e  imaginary f o r  t h e  ant isymmetr ic  case, 
5.)  A > 0 ,  B +  K <  0 , B - << 0 
I n  t h i s  case, X 1  and X 2  a r e  both imaginary.  Two body waves 
propagate .  The d i s p e r s i o n  r e l a t i o n  is real .  
No o t h e r  cases are p o s s i b l e  i n  t h e  reg ion  o f  t h e  Y Z p lane  where 
t r a p p e d  modes propagate .  It should b e  emphasized a t  t h i s  p o i n t  t h a t  
t h e  d i f f e r e n t  r e g i o n s  d e s c r i b e d  above are d i f f e r e n t  depending upon 
whether  a i s  smaller o r  g r e a t e r  than one. The two p o s s i b l e  configu- 
r a t i o n s  are shown on Figures  17 and 18. 
When c1 becomes very  s m a l l ,  the  s u r f a c e  enc losed  by t h e  curve 
A = 0 becomes l a r g e  and i n  t h e  l i m i t  o f  going t o  z e r o ,  t h e  s u r f a c e  
o c c u p i e s  t h e  whole frequency band 0 < Y < 1. This  seems t o  b e  i n  
c o n t r a d i c t i o n  t o  t h e  r e s u l t s  ob ta ined  i n  t h e  case where no magnet ic  
f i e l d  w a s  p r e s e n t ,  However, i t  can b e  shown t h a t  t h e  imaginary p a r t  
o f  X i  and X 2  becomes very  s m a l l  s o  t h a t  i n  t h e  l i m i t  of  z e r o  magnet ic  
f i e l d ,  X I  = X 2  are both  rea l ,  I n  o t h e r  words, t h e  body wave-surface 
wave becomes a p u r e  s u r f a c e  wave. 
l a r g e ,  t h e  s u r f a c e  enc losed  i n  t h e  curve A = 0 s h r i n k s  t o  zero  and t h e  
wave becomes a pure  body wave. 
On t h e  c o n t r a r y ,  when c1 becomes 
- 46 - 
The f i e l d s  have been obta ined  as a s u p e r p o s i t i o n  of  two waves, 
one corresponding t o  XI (wave 1) and one corresponding t o  X, (wave 2 ) .  
I n  t h e  l i m i t  of l a r g e  Z I Y ,  XI  has  an asymptot ic  v a l u e  of Z ,  and X, t e n d s  
t o  t h e  propagat ion cons tan t  ob ta ined  i n  t h e  q u a s i s t a t i c  approximation, 
except  f o r  Y = a "  We w i l l  show i n  s e c t i o n  2 .5  t h a t  i n  g e n e r a l  t h e  
magnitude of wave 2 i s  much g r e a t e r  t h a n  t h e  magnitude of wave 1. 
Therefore ,  when w e  speak about t h e  type  of wave propagat ing  w e  w i l l  
r e f e r  t o  wave 2 .  
Three groups of  s o l u t i o n s  are o b t a i n e d n  
1.) The low frequency body wave 
When c1 is smaller t h a n  one, t h e s e  waves are forward and e x i s t  
i n  t h e  frequency band 0 < Y a -  Resonance i s  approached from t h e  low 
frequency s i d e  and occurs  f o r  Y = a When a i s  g r e a t e r  t h a n  one,  t h e  
waves exis t  i n  t h e  frequency band 0 < Y < 1, Resonance o c c u r s  f o r  
Y = 1, 
t h e  curves  t o  t h e  l e f t ,  implying an i n c r e a s e  i n  t h e  group v e l o c i t y  o f  
t h e  wave f o r  a g iven  frequency. As t h e  o r d e r  o f  t h e  mode i s  i n c r e a s e d ,  
t h e  group v e l o c i t y  o f  t h e  wave a t  a g iven  frequency decreases .  Reso- 
nance is approached f o r  l a r g e r  v a l u e s  of Z f o r  t h e  mode of  o r d e r  n + 1 
than  f o r  t he  mode of  o r d e r  n. 
The e f f e c t  of i n c r e a s i n g  t h e  t h i c k n e s s  o f  t h e  s l a b  i s  t o  s h i f t  
2, ) The h i g h  frequency body waves 
When c1 is smaller t h a n  one, t h e  waves propagate  i n  t h e  f requency  
gap 1 Y and approach t h e  r e s o n a n t  f requency  Y = 1 from t h e  
h igh  frequency s i d e .  When b i s  s m a l l ,  the group v e l o c i t y  i s  v e r y  s m a l l  
and n e g a t i v e ,  implying backward waves. The resonance  i s  approached f o r  
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very l a r g e  va lues  of Z.  
creases u n t i l ,  when b i s  s u f f i c i e n t l y  l a r g e ,  t h e  lowest  o rde r  body wave 
starts as a forward wave. When b i s  inc reased  f u r t h e r ,  h ighe r  o r d e r  
modes s t a r t  as forward waves. 
become backward as they  approach resonance. 
ed more r a p i d l y  when b becomes l a r g e r .  
A s  b i s  inc reased ,  t h e  c u t o f f  f requency de- 
They reach  a maximum frequency and 
The resonance is approach- 
When ~1 i s  g r e a t e r  t han  one,  f o r  s m a l l  va lues  of  b ,  t h e  waves are 
backward, e x i s t i n g  i n  t h e  frequency band 01 < Y < d m .  
t h e  resonant  frequency Y = from the h igh  frequency s i d e .  A s  b i s  in-  
c r eased ,  t h e  cu to f f  frequency decreases .  When b becomes s u f f i c i e n t l y  
l a r g e ,  t h e  body waves e x i s t  i n  t h e  region 1 < Y < m. The waves 
s ta r t  as forward waves, c r o s s  t h e  l i n e  Y = a, reach  a maximum of  f r e -  
quency and become backward as they  approach resonance from t h e  h igh  
frequency s i d e .  I f  b i s  f u r t h e r  i nc reased ,  t h e  body waves of  lowest  
o r d e r  remain forward and approach t h e  resonance from t h e  low frequency 
s i d e .  These r e s u l t s  are d i f f e r e n t  from t h e  ones ob ta ined  i n  t h e  
They approach 
q u a s i s t a t i c  theory  where a c u t o f f  a t  Y = 4 1 + a2 w a s  found. 
e r r o r  i n  t h e  q u a s i s t a t i c  theory  is  not  s u r p r i s i n g ,  s i n c e  t h i s  approxi- 
mat ion  i s  n o t  v a l i d  n e a r  Z = Y . )  The d i s p e r s i o n  curves  f o r  h i g h e r  
o r d e r  modes are s i t u a t e d  above t h e  preceding ones.  
(The 
3.) The lowest  o rde r  mode 
The lowest  o r d e r  mode always s tar ts  as a forward body wave- 
s u r f a c e  wave. 
an t i symmet r i c  case, t h e  d i s p e r s i o n  curve i s  very c l o s e  t o  t h e  Y = Z 
l i n e .  This  imp l i e s  t h a t  t h e  propagat ion cons t an t  i n  t h e  5 d i r e c t i o n  
For l a r g e  va lues  of b i n  t h e  symmetric case  and f o r  t h e  
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o u t s i d e  t h e  plasma i s  almost equa l  t o  ze ro .  In  o t h e r  words, t h e  wave 
i s  very  loose ly  guided by t h e  s l a b .  (Grana t s t e in ,  Sch le s inge r  and 
Vigant ,  1963)"  When ct. i s  smaller than one,  t h e  body wave-surface wave 
becomes a s u r f a c e  wave as t h e  d i s p e r s i o n  curve c r o s s e s  t h e  curve A = 0 .  
The S W i s  forward i n  t h e  symmetric case .  For t h e  ant isymmetr ic  case ,  
t h e  su r face  wave i s  forward when b is  l a r g e ,  and backward when b i s  
small. In b o t h  t h e s e  cases, i t  approaches t h e  resonance Y = . 
A s  Z i n c r e a s e s ,  t h e  f i e l d s  are damped more r a p i d l y  as a func t ion  of 
2 
d i s t a n c e  from t h e  i n t e r f a c e  so  t h a t  t h e  energy of  t h e  wave i s  concen- 
t r a t e d  a t  t h e  i n t e r f a c e .  When ct. i s  l a r g e r  t han  one,  t h e  B W S W becomes 
t h e  B W 0 as i t  c rosses  t h e  curve A = 0 ,  For t h e  symmetric case ,  t h e  
wave i s  forward and approaches resonance a t  Y = 1. For t h e  an t i symmetr ic  
case, however, t h e  wave i s  f i r s t  forward and then  backward when b i s  
small .  The resonance Y = ct. is  then  approached from t h e  h igh  frequency 
s i d e ,  The wave i s  pure ly  forward f o r  l a r g e  b and approaches t h e  reso-  
nance Y = a from t h e  low frequency s i d e .  
All of  these  f e a t u r e s  are e x h i b i t e d  when we chose t h e  fo l lowing  
s e t  of values f o r  a and b :  
a = O"5 b = 0 . 1  
a = 0.5 b = 1. 
= 1.5 b = 0 .1  
ct. = 1 " 5  b = 1. 
I n  a d d i t i o n ,  t h e s e  va lues  are r e p r e s e n t a t i v e  of t h o s e  found i n  l abora -  
t o r y  experiments.  
The d i s p e r s i o n  curves ob ta ined  are q u i t e  d i f f e r e n t  depending 
G2 
1.0 
J$ 
a=o5 
0 
/ 
/- 
A = W  
/- 
-- 
e 
* 
I e -  1 1 I 1 1 1 I l 1 I I 
/ 
- Z 
0 5 IO 
SOLUTION OF THE EXACT SYMMETRIC DISPERSION 
RELATION FOR a = 0.5 AND b =  0.1 
FIGURE 19 
- 50 - 
L I . 
Jrn 
I .  0 
0.1 
B W  I 
B W 2  
I I 1 1 I I I I I I I Z 
5 IO 
SOLUTION OF THE EXACT SYMMETRIC DISPERSION 
RELATION FOR a.0.5 AND b = 1.0 
FIGURE 20 
, 
- 5 1  - 
a=1.5 
1.0 
0.5 
0 
0 
5 I O  
L 
SOLUTION OF THE EXACT SYMMETRIC DISPERSION 
RELATION FOR a = 1.5 AND b.0.1 
FIGURE 21 
- 52 - 
Y 
I 
a=l.5 
I .o 
0.5 
0 
0 
A w 2  / 
I I 1 I I 1 I I 1 I 
5 I O  
SOLUTION OF THE EXACT SYMMETRIC DISPERSION 
FIGURE 22  
RELATION FOR a =  1.5 AND b = 1.0 
I 
- 53 - 
upon whether t h e  symmetric o r  t h e  ant isymmetr ic  case i s  cons idered ,  
Consequently,  t h e  two cases w i l l  be analyzed s e p a r a t e l y .  
2.4 .2  Symmetric Case 
1.) a = 0.5,  b = 0.1  and 1.0 
The behavior  j u s t  d e s c r i b e d  i s  shown on Figures  19 and 20, For 
t h e  lowest  o r d e r  mode, i t  should b e  noted  t h a t  f o r  b = 0.1  t h e  s u r f a c e  
wave exis ts  f o r  v a l u e s  o f  Y smaller t h a n  a . When b = 1.0 t h e  s u r f a c e  
wave exists o n l y  i n  a very  narrow gap o f  f r e q u e n c i e s  n e a r  resonance and 
i t s  group v e l o c i t y  i s  very s m a l l .  This i s  d i f f e r e n t  from t h e  r e s u l t  o f  
q u a s i s t a t i c  t h e o r y  where t h e  s u r f a c e  wave starts a t  Y = a When b is  
s m a l l ,  t h e  low frequency body wave approaches resonance f o r  v e r y  l a r g e  
v a l u e s  o f  Z. 
When t h e  o r d e r  of  t h e  mode i n c r e a s e s ,  t h e  d i s p e r s i o n  curve  
approaches resonant  frequency v e r y  slowly. Yip and Seshadr i  (1966) 
i n t r o d u c e  a d i f f e r e n t  d e f i n i t i o n  of resonance and o b t a i n  d i f f e r e n t  reso-  
nances  which depend on t h e  o r d e r  of the  mode. We do n o t  f e e l  t h a t  t h e i r  
d e f i n i t i o n  c o n t r i b u t e s  new understanding and t h e r e f o r e  c o n s i d e r  i t  
s u p e r f l u o u s .  
2.) a = 1.5,  b = 0.1 and 1.0 
A s  shown on Figures  2 1  and 2 2 ,  t h e  B W 0 exists f o r  v e r y  low 
f r e q u e n c i e s  when t h e  s l a b  t h i c k n e s s  is  s m a l l ,  (b = 0.1) b u t  o n l y  c l o s e  
t o  t h e  resonant  f requency Y = 1 when b is l a r g e  (b = 1). This  a g a i n  
d i f f e r s  from t h e  q u a s i s t a t i c  theory which p r e d i c t e d  the e x i s t e n c e  of 
B W 0 down t o  z e r o  frequency. The r e l a t i o n  b bl  i s  s a t i s f i e d  when 
a = 1,5 and b = 1 so  t h a t  t h e  cu tof f  f requency f o r  t h e  h i g h  frequency 
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. 
B W 1 i s  smaller t h a n  a , The forbidden gap, 1 
q u a s i s t a t i c  a n a l y s i s  does n o t  e x i s t  any more f o r  l a r g e  va lues  of b ,  
Y < a p r e d i c t e d  i n  t h e  
2 , 4 , 3  Antisymmetric Case 
1.) a = O n 5 ,  b = 0,1 and 1, Figures  2 3  and 2 4  
When no magnet ic  f i e l d  i s  p r e s e n t ,  w e  have seen  t h a t  f o r  t h i n  
s l a b s  t h e  s u r f a c e  wave w a s  f i r s t  forward and t h e n  backward, When t h e  
s l a b  t h i c k n e s s  becomes l a r g e r ,  t h e  s u r f a c e  wave remained forward, For 
s m a l l  va lues  of t h e  magnet ic  f i e l d ,  similar c h a r a c t e r i s t i c s  can be seen 
f o r  t h e  lowest o r d e r  mode, When b is  s m a l l  (F igure  2 3 )  t h e  lowest  o r d e r  
mode starts as a B W S W. A s  i t  c r o s s e s  t h e  curve  A = 0 i t  becomes a 
forward s u r f a c e  wave u n t i l  Y = 1, For Y l a r g e r  than  one t h e  wave is  a 
body wave which i s  f i r s t  forward and t h e n  backward. The d i s p e r s i o n  curve  
c r a s s e s  again t h e  l i n e  Y = 1 and corresponds t o  a backward s u r f a c e  wave. 
When b = I t h e  wave i s  a forward s u r f a c e  wave w i t h  very  low group ve loc-  
i t y  as soon as t h e  d i s p e r s i o n  curve CLasses t h e  loop A = 0, 
be  emphasized t h a t  t h e  backward B W 0 of  t h e  q u a s i s t a t i c  theory  now 
e x i s t s  only above t h e  l i n e  Y = 1 i n  t h e  e x a c t  theory .  
l e n g t h  region,  t h e  B W 0 h a s  been r e p l a c e d  by a B W S W ”  
w a s  p r e d i c t e d  i n  q u a s i s t a t i c  theory  t o  b e  a backward wave, w h i l e  i t  is 
shown h e r e  t h a t  i t  remains forward f o r  l a r g e  v a l u e  of  b .  
It should  
I n  t h e  long wave- 
Also ,  t h e  S W 
2 , )  c1 = l n 5 ,  b = 0 .1  and 1. F i g u r e s  25 and 26 
The forbidden gap 1 Y \ a ,  found i n  t h e  q u a s i s t a t i c  theory  
does n o t  e x i s t  any more i n  t h e  e x a c t  theoLy. For  small va lues  of b 
t h e  d i s p e r s i o n  curve of  t h e  B W 0 p r o p a g a t e s  c l o s e  t o  t h e  l i n e  Y. = Z 
and i s  t h e r e f o r e  very l o o s e l y  guided by t h e  s l a b .  T h i s  i s  shown on 
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s i n h  [' - a 1  K55 o r  cosh [' - a 2 ]  KI;S . The ampli tude of a l l  t h e  
1 + a2 1 + a2 
Figure  25. 
F igure  2 6 .  
When b = 1, t h e  B W 0 remains forward as i n d i c a t e d  by t h e  
It should be noted a t  t h i s  point  t h a t  t h e r e  e x i s t s  a very  narrow 
gap o f  f r equenc ie s  f o r  which t h e  lowest o r d e r  mode i s  a pure  s u r f a c e  
wave, This reg ion  is  s i t u a t e d  below t h e  l i n e  Y = 1 and above t h e  curve 
A = 0. Although t h i s  r eg ion  i s  very s m a l l ,  i t  always e x i s t s  when ct i s  
g r e a t e r  t han  one. For s m a l l  values of b t h e  d i s p e r s i o n  curve is very 
c l o s e  t o  t h e  l i n e  Y = Z so t h a t  t h e  reg ion  where t h i s  forward s u r f a c e  
wave e x i s t s  i s  very  s m a l l  s i n c e  t h e  curve A = 0 i s  tangent  t o  t h e  l i n e  
Y = 1, However, a s  b i n c r e a s e s ,  t h e  gap of f r equenc ie s  f o r  which t h i s  
s u r f a c e  wave e x i s t s  becomes l a r g e r  because t h e  d i s p e r s i o n  curve is no t  
nea r  t h e  l i n e  Y = Z. 
We can see a s i m i l a r i t y  between t h e  behavior  of t h e  d i s p e r s i o n  
curves  of t h e  lowest  o r d e r  mode f o r  c1 smaller and ct g r e a t e r  t han  one. 
I n  both  cases, t h e s e  waves a r e  f i r s t  forward and then  backward f o r  t h i n  
s l a b s  and p u r e l y  forward when t h e  th i ckness  of t h e  s l a b  i s  inc reased ,  
It  should  be emphasized, however, t h a t  t h e  f i e l d s  i n s i d e  t h e  s l a b  have 
d i f f e r e n t  c h a r a c t e r i s t i c s  depending upon whether t h e  S W o r  t h e  B W 0 
is cons idered .  For t h e  s u r f a c e  wave, t h e  f i e l d s  vary  as s i n h  and cosh 
o f  real  numbers and i n  t h e  l i m i t  of l a r g e  Z t h e  v a r i a t i o n  i s  of  t h e  form 
f i e l d s  i s  a maximum a t  t h e  i n t e r f a c e .  However, f o r  t h e  B W 0 only  t h e  
a x i a l  components of  t h e  f i e l d  have t h e i r  maximum a t  t h e  i n t e r f a c e .  The 
o t h e r  components have t h e i r  maximum a t  t h e  c e n t e r .  Furthermore,  t h e  
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f i e l d  v a r i a t i o n  i s  as s i n e s  and cos ines  of real  numbers and i n  t h e  l i m i t  
of l a r g e  Z I  t h e  f i e l d  d i s t r i b u t i o n  i s  of  t h e  form s i n  o r  cos nEc 
2a 2a 
Because of  t h e s e  s i g n i f i c a n t  d i f f e r e n c e s  between t h e  s u r f a c e  wave 
and B W 0, w e  do no t  f e e l  t h a t  B W 0 should be c l a s s i f i e d  as a s u r f a c e  
wave as done by G r a n a t s t e i n  and Sch le s inge r  (1964) .  
2 ,5  FIELDS CHARACTERISTICS 
This s e c t i o n  w i l l  be  devoted t o  t h e  s tudy  of  t h e  re la t ive ampli-  
tude of  the  d i f f e r e n t  f i e l d  components i n s i d e  t h e  p lasma,  All t h e  com- 
ponents w i l l  be normalized by s e t t i n g  E 2  i n  Equat ions 20 and 23 equa l  
t o  u n i t y .  We w i l l  f i r s t  cons ide r  t h e  l i m i t s  o f  t h e  c o e f f i c i e n t s  of t h e  
hype rbo l i c  f u n c t i o n s  i n  some p a r t i c u l a r  cases f o r  t h e  symmetric s o l u t i o n ,  
The E and H f i e l d  components f o r  t h e  symmetric case w i l l  then  be  
p l o t t e d ,  showing some of t h e  e s s e n t i a l  f e a t u r e s  of t h e  wave, 
5 5 
For t h e  ant isymmetr ic  case, we  do n o t  need t o  cons ide r  aga in  t h e  
l i m i t  of  the c o e f f i c i e n t s  of  t h e  hype rbo l i c  f u n c t i o n s ,  s i n c e  they  are  
t h e  same as i n  t h e  symmetric c a s e ,  The c o e f f i c i e n t  of t h e  cosh func- 
t i o n s  i n  the symmetric case  are now t h e  c o e f f i c i e n t s  o f  t h e  s i n h  func- 
t i o n s  and inve r se ly .  I n  o r d e r  t o  re la te  t h e  p r e s e n t  s tudy  t o  t h e  case 
of t h e  plasma s l a b  bounded on one s i d e  by a conduct ing s c r e e n ,  a l l  t h e  
f i e l d  components f o r  t h e  ant isymmetr ic  s o l u t i o n  are p l o t t e d  and 
analyzed.  
2 .5 .1  Symmetric Case 
It was found i n  s e c t i o n  2 , 1 , 2  t h a t  t h e  f i e l d  components i n s i d e  
t h e  p lasma could be w r i t t e n  i n  t h e  fo l lowing  form: 
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E 
H 
5 E 
Ell 
5 H 
Hn 
- .  
-i E 1  (TY2+XI2)  s i n h  K 5 - i E2(TY2+X2') s i n h  K 
51. - 5 .  
x1 z x2 z 
61 - 52 El. 61 s i n h  K 5 + E 2  62  s i n h  K 5 
D X i  Z D X2 Z 
- E 1  6 1  s i n h  K 5 - E 2  6 2  s i n h  K 5 
DY X I  DY X2 
-i E 1  TY s i n h  K 5 - i E2 TY s i n h  K 5 
E !  52 
51 5 2  
X 1  X2 - 
x exp (i K 5 - i u t )  
5 
where E 1  i s  given by: 
X 
0 
X 
(50) 61(cosh Xlb + - s i n h  Xlb) E l  + B2(cosh X2b@ s i n h  X2b) = 0 
X1 x2 
and t h e  d i s p e r s i o n  r e l a t i o n  (Equation 20) must be s a t i s f i e d .  A s  i n d i -  
c a t e d  ea r l i e r ,  t h e  f i e l d s  i n s i d e  t h e  plasma a r e  t h e  s u p e r p o s i t i o n  of 
two waves, des igna ted  as wave 1 (corresponding t o  E!) and wave 2 (cor- 
responding t o  E 2 ) .  We are now going t o  c o n s i d e r  some p a r t i c u l a r  
l i m i t i n g  cases. 
2 . 5 . 1 . 1  Zero Magnetic F i e l d  L i m i t  
In t h e  l i m i t  of B going t o  zero,  and X z 2  t ends  t o  t h e  same 
l i m i t  
x2 = 22 - Y 2  + 1 
and t h e  c o e f f i c i e n t s  6 reduce t o  
(51) 8 
1Y2 
-+ T D Z -  
192 
- 62 - 
From Equation 50 w e  see t h a t  E1 = 1 and t h e  f i e l d  components 
s i m p l i f y  to  g i v e  
- -  
EL; 
5 
3 
E5 
E n 
H 
5 
Krl 
. -  
2 cosh K S  5 
2 
0 
- 21 Z s i n h  K 5 
52 - x2 
0 
0 
- 2 i Z  s i n h  K 5 
52 x2 
x exp (i K L; - i d t )  
5 
Only one wave is  propagat ing i n  t h e  5 d i r e c t i o n .  S ince  only  E r  
-J , 
and H s u r v i v e ,  t h i s  wave i s  t r a n s v e r s e  magnetic.  n 
2.5.1.2 I n f i n i t e  Magnetic F i e l d  L i m i t  
When t h e  s t r e n g t h  of  t h e  magnet ic  f i e l d  becomes i n f i n i t e ,  t h e  
propagat ion c o n s t a n t s  i n s i d e  t h e  plasma t e n d  t o  t h e  fo l lowing  l i m i t s :  
x12 = 22 - y2 
X22 = T ( Z 2  - Y2) 
The c o e f f i c i e n t s  B y i e l d  
1 Y2 
62 + z; ‘Yf - 1; 
a (Z - Y )  
With t h e s e  v a l u e s ,  Equation 50 i n d i c a t e s  t h a t  E1 is  p r o p o r t i o n a l  t o  
7 s o  t h a t  El  i s  much s m a l l e r  than  1. Consequent ly  wave 1 becomes 
n e g l i g i b l e  a s  a -f 0 0 .  
1 
a 
9 
- 63 - 
The f i e l d  components can now b e  w r i t t e n  
(53) 
E 
5 
H 
5 
5 E 
E 
rl 
5 H 
H 
rl 
cash K 5 
0 
5 2  
i E2 TZ 
JT (ZL-Yz) 
s i n h  K 6 
5 2  
- 
0 
3 
i E2 TY - s inh  K r - S  
exp ( i  K 5 - i w t )  5 
The wave i s  a g a i n  t r a n s v e r s e  magnetic and o n l y  one wave propagates .  
2.5.1.3 Large Z / Y  E m i t  
The c o e f f i c i e n t s  61 2 can be w r i t t e n  as 
1 4 Y L  Z L  (YL-1) 2 Y (Y -a ) a2 (ZL-Y2)2 
When Z i s  much l a r g e r  than  Y they  reduce t o :  
6 1  = a2 22 
Y 2  (Y2-a’) 
I n  o r d e r  t o  s tudy  t h e  f i e l d  components, w e  c o n s i d e r  f o u r  d i f -  
f e r e n t  cases. 
t h a n  the  ampli tude o f  E2 because t h e  r a t i o  
I n  a l l  t h e s e  cases, the ampli tude of E1 i s  much smaller 
i s  s m a l l .  
L i m i t  of  l a r g e  Z / Y  f o r  t h e  s u r f a c e  wave 
7 6  1 
1 . )  
The propagat ion  c o n s t a n t s  a r e  g iven  by 
X I 2  = 22 
- 64 - 
As Z tends  t o  i n f i n i t y ,  X 1  and X 2  both tend  t o  i n f i n i t y  and Y reaches  
t h e  l i m i t  s o  t h a t  t h e  f i e l d  components are given by: 
(55) 
5 
E 
5 
5 
H 
E 
5 H 
cash K 5 
0 
52 
s i n h  K 5 1 - a2 
1 + a2 5 2  - i  
0 
0 
0 
- 
x exp ( i  K5c - iw t )  
A l l  t h e  magnetic f i e l d  components of t h e  wave vanish .  This  e x p l a i n s  
why t h e  r e s u l t s  are i n  agreement w i t h  t h e  q u a s i s t a t i c  t heo ry .  
2,)  L i m i t  of l a r g e  Z / Y  when Y t ends  t o  a 1 
As i n d i c a t e d  i n  s e c t i o n  2,2 .1  , t h e  propagat ion  c o n s t a n t s  are 
now given  by 
x 2  = 2 2  
I 
X = Z 2  T/S - 2 TY2 
2 
I n  t h i s  case X 2 2  i s  f i n i t e  s o  t h a t  t h e  f i e l d  components are 
- -  
E 
H 
E 
E 
H 
H 
5 
5 
5 
rl 
5 
rl 
- -  
- 
cash K 5 
0 
52 
0 
0 
52E 
- ( Y 2  - 1) s i n h  K 
- i TY s i n h  K a x 2  
x 2  
5 
5 2  
x exp ( i  Kcg - i w  t )  
- 6 5  - 
The wave is  T M;  however, n e i t h e r  the cond i t ion  X 2  >> Y nor  t h e  con- 
d i t i o n  F =  0 i s  s a t i s f i e d .  
i n  t h i s  case is  n o t  t h e  same as t h e  one f o r  t h e  q u a s i s t a t i c  t heo ry  
(Equat ions 31 and 32) .  
This  i s  why t h e  d i s p e r s i o n  r e l a t i o n  obta ined  
3 . )  L i m i t  of l a r g e  Z/Y when Y goes t o  1 
The propagat ion cons t an t s  a r e  g iven  by 
x 1 2  = 2 2  
Taking t h e  l i m i t s  p rope r ly ,  we f i n d  X z 2  f i n i t e  and t h e  only  nonzero 
component of t h e  f i e l d  corresponds t o  E . 
5 
The wave i s  pure  e l e c t r i c .  The same r e s u l t  i s  ob ta ined  when we con- 
s i d e r  t h e  i n f i n i t e  magnetic f i e l d  l i m i t  (Equation 5 3 )  n e a r  resonance,  
A s  Y goes t o  1 i n  Equation 53, on ly  E remains d i f f e r e n t  from zero .  
W e  s imply o b t a i n  t h e  o rd ina ry  l o n g i t u d i n a l  plasma o s c i l l a t i o n .  
5 
4 . )  Low frequency body waves 
We have seen  t h a t  t h e  phase v e l o c i t y  of t h e  low frequency body 
wave w a s  l a r g e  s o  t h a t  t h e  cond i t ion  Z >>  Y ho lds  f o r  t h e s e  curves .  
R e c a l l  t h a t  XI i s  rea l  and X2 is  pure imaginary f o r  t h i s  r eg ion  of t h e  
Y Z p l ane .  Using Equat ions 1 4 ,  15, and 2 ,  w e  f i n d  t h a t  I El I i s  much 
smaller than  1, 
2.5.1.4 Cutoff L i m i t  
Cutoff  occurs  when t h e  d i spe r s ion  r e l a t i o n  i s  s a t i s f i e d  f o r  
X = 0. The propagat ion  c o n s t a n t s  and t h e  c o e f f i c i e n t s  8 can be 
w r i t t e n  
0 1 9 2  
- 66  - 
x1,2  = e T Y 2  - TY2 + - -  DY2 
S S 
- -   DY2 B1,2  + 
Again X 2  i s  f i n i t e  and t h e  f i e l d s  are simply given by 
cash K 5 
52 
- i cosh K 5 
5 2  
- i (TY2 + X22) s i n h  K 5 
52 
x2 y 
s i n h  K 5 
XO 52 
L 
X exp ( i  K 5 5 - i w t )  
The ampli tude of E1 vanishes  as seen  from Equat ion 20 s i n c e  a t  c u t o f f  
cosh X2b vanishes"  
i n  Equation 5 8 .  
A t  t h e  boundary of  t h e  s l a b ,  t h e  wave is  TEM as seen  
Except f o r  t h e  low frequency body wave c a s e ,  where E ]  d i d  n o t  
vanish  b u t  s a t i s f i e s  t h e  r e l a t i o n  ) E I I K .  1, w e  have seen  t h a t  f o r  t h e  
above l i m i t s ,  t h e  f i e l d s  i n s i d e  t h e  plasma were g iven  by t h e  components 
of only one wave, We w i l l  see i n  s e c t i o n  2 . 6  t h a t  t o  very good 
accuracy the 'lane wave approximation" can i n  f a c t  be used i n  t h e  
g e n e r a l  case a 
2.5.1.5 General  Symmetric Case 
We cons ider  t h e  c o e f f i c i e n t s  of  t h e  cosh f u n c t i o n s  i n  t h e  ex- 
p r e s s i o n s  g iv ing  t h e  l o n g i t u d i n a l  f i e l d  components of  t h e  waves i n s i d e  
L 
I 
\ 
- 67  - 
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FIGURE 30 
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t h e  plasma. These va lues  are p l o t t e d  f o r  t h e  f o u r  sets of v a l u e s  of 
t h e  parameters  a and b a l r e a d y  used i n  t h i s  a n a l y s i s :  (a = 0.5 and 
1 .5 ,  b = 0.1 and 1 ) .  F igures  27  t o  34 show t h e  v a r i a t i o n  of El, H , 
5 1  
and H f o r  t h e  lowest  o r d e r  modes, p l o t t e d  ve r sus  f requency.  
52 
1 . )  a = 0.5, b = 0.1 F igures  27  and 28  
The h igh  frequency body waves are e s s e n t i a l l y  t r a n s v e r s e  magnet ic  
s i n c e  bo th  H and H For t h e  low f r e -  
quency body wave, t h e  wave is  a l s o  t r a n s v e r s e  magnetic when Y i s  c l o s e  
are much smaller than  E2 = 1. 
5 1  52 
t o  one, However, when t h e  frequency dec reases ,  t h e  wave becomes hybr id  
and even t r a n s v e r s e  e l e c t r i c  as Y +. 0. The s u r f a c e  wave is  t r a n s v e r s e  
magnet ic  i n  t h e  q u a s i s t a t i c  r eg ion  as  expected from s e c t i o n  2.5.1.3. 
When Y dec reases ,  t h e  ampli tudes of H and H i n c r e a s e  s o  as t o  be- 
5 1  5 2  
come of  t h e  same o r d e r  of  magnitude as E2 = 1. However, H and H 
5 1  5 2  
are approximately equa l  b u t  have oppos i te  s i g n s  so t h a t  t h e i r  sum i s  
very  s m a l l  and t h e  wave remains T M. This  e x p l a i n s  why t h e  s u r f a c e  
wave i n  t h e  q u a s i s t a t i c  t heo ry  is s o  c l o s e  t o  t h e  d i s p e r s i o n  curve 
o b t a i n e d  w i t h  t h e  complete se t  of  Maxwell's equa t ions .  For a l l  t h e  
body wave modes, [Ell cc 1 so t h a t  t h e  c h a r a c t e r i s t i c s  of  t h e  waves 
are e s s e n t i a l l y  given by wave 2 .  
2.) a = 0 , 5 ,  b = 1 . 0  F igu res  29 and 30 
Again, f o r  bo th  t h e  h igh  frequency and t h e  low frequency body 
waves, t h e  wave i s  p r a c t i c a l l y  T M ,  except  i n  t h e  l i m i t  of Y going t o  
z e r o  i n  which case  t h e  low frequency body waves become T E. The e f f e c t  
of i n c r e a s i n g  b r e s u l t s  i n  t h e  low frequency body waves becoming hybr id  
f o r  h i g h e r  va lues  of  Y .  For t h e  su r face  wave, H and H have t h e  
51 5 2  
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same order  of  magnitude but  have oppos i re  s i g n  s o  t h a t  t h e  f i e l d s  are 
t r a n s v e r s e  magnet ic-  
t h e  modes, 
The v a l u e  of J E i l  i s  much smaller t h a n  1 f o r  a l l  
3 " )  a = 1 , 5 ,  b = 0 , 1  and 1, F i g u r e s  31 t o  34 
The same c h a r a c t e r i s t i c s  a l r e a d y  d i s c u s s e d  are seen  on Figures  
31 t o  3 4 ,  The c o e f f i c i e n t  )E I i s  much smaller chan 1 € o r  both  b = 0,1 
and 1, The effecr :  of i n c r e a s i n g  t h e  s l a b  t h i c k n e s s  is  t o  i n c r e a s e  t h e  
re la t ive magnitude of t h e  wave 1 f o r  a g iven  frequency,  The h igh  f r e -  
quency body waves are  e s s e n t i a l l y  t r a n s v e r s e  magnet ic ,  excepr  f o r  a v e r y  
narrow gap of frequency when b = 1, (Figure  3 4 ) -  The B W 0 i s  prac- 
t i c a l l y  t r a n s v e r s e  magnet ic  because H and H have approximately t h e  
51  5.2 
same magnitude b u t  o p p o s i t e  s i g n s ,  
t r a n s v e r s e  magnetic and becomes h y b r i d  when Y d e c r e a s e s ,  A s  Y approaches 
z e r o ,  the wave becomes T E? The e f f e c t  of i n c r e a s i n g  b i s  t h a r  t h e  wave 
becomes hybrid f o r  l a r g e r  v a l u e s  of  Y, 
The low frequency body wave i s  
2.5.2 General  Antisymmetric Case 
I n  t h i s  s e c t i o n  w e  examine t h e  behavior  of a l l  t h e  f i e l d  com- 
ponents .  The values  of  t h e  f i e l d  components normalized w i t h  r e s p e c t  t o  
E2 = 1 are p l o t t e d  on Figures  35 t o  58 v e r s u s  t h e  normalized frequency 
Y = -" Only t h e  c o e f f i c i e n t s  o f  t h e  s i n h  and cosh f u n c t i o n s  are p l o t -  
t e d -  When t h e  o r d e r  of t h e  mode i n c r e a s e s ,  t h e  i n t e n s i t y  of  t h e  f i e l d s  
d e c r e a s e s  very r a p i d l y  and i t  is  n o t  p o s s i b l e  t o  p l o t  a l l  t h e  curves  on 
t h e  same graph. Consequently,  o n l y  t h e  lowes t  o r d e r  modes are shown, 
w 
w 
P 
W e  consider  t h e  same f o u r  sets of  v a l u e s  of  t h e  parameter  a and 
b and d i s c u s s  t h e  combinations of  t h e s e  p a r a m e t e r s  s e p a r a t e l y ,  
- 77 - 
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1.) c1 = 0.5,  b = 0.1,  F igu res  35 t o  40 
Since  t h e  phase v e l o c i t y  o f  the low frequency body wave i s  ve ry  
small, w e  f i n d  \ E ?  I << 1 as shown on F igure  3 5 ,  
i n c r e a s e s  and approaches Y = a, I E1 I goes t o  zero .  
t h e  s u r f a c e  wave and t h e  h igh  frequency B W 1 s a t i s f y  [Ell << 1, 
curve corresponding t o  B W 0 and t o  B W S W is  n o t  shown because of  t h e  
l a c k  of accuracy w i t h  t h e  computer i n  t h i s  reg ion .  
When t h e  frequency 
It is  seen t h a t  bo th  
The 
When w e  compare t h e  amplitude o f  t h e  o t h e r  f i e l d  components, w e  
can make t h e  fo l lowing  remarks : 
For t h e  h igh  frequency body wave, and f o r  t h e  s u r f a c e  wave, only 
t h e  ES and t h e  E component of wave 2 are impor t an t ,  The wave i s  
e s s e n t i a l l y  t r a n s v e r s e  magnetic.  
5 
For t h e  low frequency body wave, when Y approaches a ,  t h e  com- 
5’ HS ponents  of wave 1 become n e g l i g i b l e  ( l a r g e  Z/Y l i m i t )  and only  E 
and H of wave 2 have a f i n i t e  value (Equat ion 5 6 ) .  When Y dec reases  
and becomes approximately 0 . 2 ,  t h e  two waves are p resen t  and H and E 
dominate a l l  t h e  o t h e r  components, 
e l e c t r i c .  
17 
5 5 
The wave then  becomes t r a n s v e r s e  
2,) c1 = 0 , 5 ,  b = 1, F i g u r e s  4 1  t o  46 
It i s  seen  on Figure 41  t h a t  I El I is  much smaller than  one f o r  
t h e  low frequency and h igh  frequency body waves. 
f requency  t h e  phase v e l o c i t y  of the low frequency body wave i n c r e a s e s  
w i t h  t h e  i n c r e a s e  of  t h e  s l a b  th i ckness ,  1 El I i s  l a r g e r  f o r  t h e s e  modes 
f o r  t h i c k  s l a b s  than  f o r  t h i n  slabs, For t h e  s u r f a c e  wave, t h e  ampli- 
t u d e  of  E! i n c r e a s e s  as t h e  frequency dec reases  from resonance,  It 
Since  a t  a given 
IO" 
IO2 
I O3 
I 0-' 
E2= I 
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H 
becomes of t h e  o r d e r  u n i t y  when t h e  s u r f a c e  wave becomes t h e  B W S W, 
A l l  t h e  f i e l d  components have t h e  same v a r i a t i o n  as i n  t h e  pre-  
ceding case.  However, now t h e  wave i s  t r a n s v e r s e  magnet ic  on ly  f o r  
several  very narrow frequency gaps ,  namely 0 - 4  Y . 0.5; 0 , 7 4  Y c 
0 , 7 9 ;  and 1 Y 1.08. I n  t h e  o t h e r  r e g i o n s  t h e  wave i s  hybr id  o r  
becomes t r a n s v e r s e  e l ec t r i c  a t  very low frequency.  When b i n c r e a s e s ,  
t h e  s t r e n g t h  o f  t h e  f i e l d  components i n c r e a s e s  except  f o r  E which shows 
very  l i t t l e  change i n  magnitude, 
F, 
3.)  a = 1 0 5 ,  b = O01, F i g u r e s  47 t o  52 
For a l l  t h e  low frequency body waves, t h e  phase v e l o c i t y  i s  very  
The ampli tude of E l  f o r  small s o  t h a t  t h e  r e l a t i o n  [ E l  I < -  1 holds .  
h igh  frequency body waves is  a l s o  much smaller than  1. For B W 0 ,  how- 
e v e r ,  i n  t h e  frequency gap l < Y % l o 6 ,  t h e  ampli tude of E1 i s  approxi-  
mately t h e  same as E 2  = 1. A s  t h e  d i s p e r s i o n  curve  approaches t h e  
asymptote Y = a = 1 . 5 ,  t h e  ampli tude of  E;, becomes much smaller than  
E2. These r e s u l t s  are shown on Figure  4 7 .  
I f  w e  compare t h e  ampli tude of t h e  f i e l d s  corresponding t o  t h e  
high frequency body waves, w e  see t h a t  o n l y  E and E of wave 2 are 
important  so t h a t  t h e  waves are p r a c t i c a l l y  t r a n s v e r s e  magnetic.  
5 5 
For B W 0 ,  a l l  t h e  f i e l d  components o f  wave 1 are n e g l i g i b l e  
compared t o  wave 2 i n  t h e  frequency gap 1-4 < Y 1 , 6 ,  I n  a d d i t i o n ,  
t h e  amplitude of t h e  f i e l d  components of  wave 2 are of t h e  same o r d e r  
o f  magnitude. However, when t h e  d i s p e r s i o n  curve  approaches t h e  
asymptote,  only E H and H of  wave 2 t a k e  non z e r o  v a l u e s ,  as 
expected from t h e  l i m i t s  o b t a i n e d  i n  s e c t i o n  2 , 5 , 1 , 3  It  should b e  
5 ’  5 11 
4 
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noted  t h a t  t h e  l i m i t i n g  va lues  of  H 
one so  t h a t  t h e  wave is almost pure e l e c t r i c .  
and H are much smaller than  
52 0 2  
F i n a l l y ,  t h e  low frequency body wave curves i n d i c a t e  t h a t  f o r  
Y s m a l l ,  H goes t o  i n f i n i t y  s o  t h a t  t he  wave becomes t r a n s v e r s e  
electric. 
ponents  of t h e  wave are E 
r e sonan t  f requency Y = 1, only  E of  t h e  wave 2 i s  impor tan t .  Again, 
t h i s  w a s  ob ta ined  i n  s e c t i o n  2.5.1.3. 
5 
When Y i n c r e a s e s ,  H decreases  and t h e  two important  com- r; 
and Et o f  wave 2. A s  Y approaches t h e  5 
5 
4 . )  = 1.5, b = 1. Figures  53 t o  58 
For a l l  t h e  waves, t h e  amplitude of  E1 is  much smaller than  one 
i n  t h e  reg ion  of  frequency considered (not  f o r  t h e  B W S W ) .  For t h e  
low frequency body wave, t h e  phase v e l o c i t y  of t h e  wave a t  a g iven  
frequency i s  l a r g e r  f o r  b = 1 than  f o r  b = 0 .1  s o  t h a t  t h e  ampli tude 
of El i s  l a r g e r  than  i n  t h e  preceding case. The h igh  frequency body 
wave i s  now hybr id  wi th  a l l  t h e  components o f  wave 2 p r e s e n t  and of t h e  
same o r d e r  of magnitude. The components of  wave 1 are much smaller. 
For B W 0 ,  on ly  E is  small compared t o  the  o t h e r  components of  t h e  
wave 2 .  Wave one i s  s t i l l  n e g l i g i b l e .  
52 
For t h e  low frequency body wave, two r eg ions  have t o  be  con- 
s i d e r e d .  Near t h e  resonant  frequency, on ly  E is d i f f e r e n t  from zero .  
(See Equat ion 57) Near Y = 0 ,  H E and H become t h e  predominant 
components of wave 2.  iiowever, Gear Y = 0 ,  some of t h e  f i e l d  compo- 
n e n t s  of  wave 1 are a l s o  impor tan t ,  s p e c i f i c a l l y  f o r  E and H wave 1 
becomes t h e  dominant wave. 
5 2  
5 '  5 rl 
II 5 
Comparing t h i s  case  wi th  the  preceding one,  w e  see t h a t  t h e  
- 104 - 
components of t h e  f i e l d s  a t  a g iven  frequency are l a r g e r  t h a n  f o r  
b = 0.1 ,  except  E and E of  wave 2 which s t i l l  have che same o r d e r  
o f  magnitude. 
5 5 
2 , 5 . 3  Plasma Slab  Bounded on One S i d e  by a Conducting Screen 
Seshadr i  and Owyang (1966) so lved  t h e  problem o f  wave propagat ion  
along a magnetoplasma s l a b  bounded on one s i d e  by a conducting s c r e e n ,  
I f  w e  p l a c e  a conduct ing s c r e e n  i n  t h e  p l a n e  5 = 0 i n  t h e  p r e s e n t  s t u d y ,  
t h e  values  o f  t h e  parameters  8 and b chosen h e r e  are t h e  same as t h e  
ones chosen by t h e  above a u t h o r s ,  
d i s p e r s i o n  curves and o u r  ant isymmetr ic  d i s p e r s i o n  curves ,  i t  i s  found 
t h a t  they  are almost i d e n t i c a l ,  To e x p l a i n  t h i s  r e s u l t ,  w e  have t o  
c o n s i d e r  t h e  va lues  o f  t h e  f i e l d s  i n  t h e  p l a n e  5 = 0. The boundary 
I f  a comparison i s  made between t h e i r  
condi t ions  on t h e  conduct ing p lane  are 
E ( 5 = 0 ) = 0  
E ( 5 = 0 ) = 0  
H ( [ = O ) = O  
5 
rl 
5 
For o u r  an t i symmetr ica l  s o l u t i o n  E 
vanishes  au tomat ica l ly  when 5 = 0 ,  For t h i n  s l a b s ,  b = 0,1, i t  can b e  
seen  on Figures  38, 39,  50 and 5 1  t h a t  e x c e p t  f o r  v e r y  low frequency E 
and H 
s a t i s f i e d ,  Therefore ,  t h e  d i s p e r s i o n  curves  are p r a c t i c a l l y  t h e  same, 
n 5 
varies as a s i n h  f u n c t i o n  which 
5 
n 
are very  s m a l l  f o r  5 = 0 s o  t h a t  t h e  boundary condic ion  is  almost  5 
When b = 1 .0 ,  however, E and H are n o t  very  s m a l l  any more 
f o r  t h e  lowest o r d e r  mode and f o r  t h e  low frequency B W 1. 
f e r e n c e s  e x i s t ,  t h e r e f o r e ,  f o r  t h e s e  two d i s p e r s i o n  curves.  For t h e  
h i g h e r  order  modes t h e  boundary c o n d i t i o n s  are a g a i n  almost  s a t i s f i e d  
Some d i f -  
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so t h a t  t h e  d i s p e r s i o n  curves  are  p r a c t i c a l l y  t h e  same f o r  t h e  two 
problems. 
2.6 THE "ONE WAVE" APPROXIMATION 
We have seen  i n  s e c t i o n  2 .1  t h a t  t h e  d i s p e r s i o n  r e l a t i o n  could b e  
w r i t t e n  i n  t h e  form 
where, f o r  t h e  symmetric case 
I - 
and f o r  t h e  ant isymmetr ic  case 
TX 
cash X192b 
= s i n h  X b + o -F 
1 9 2  1 3 2  x 
1 9 2  
Equat ion 59 y i e l d s  
F1 E1 + F2 E2 = O 
and 
G1 E 1  + G2 E2 = 0 
We have s e e n  i n  s e c t i o n  2.5 t h a t  t h e  ampli tude o f  E, i s  much smalier 
t h a n  t h e  ampli tude o f  E2 f o r  almost a l l  v a l u e s  o f  f requency i n  t h e  case 
where a f i n i t e  magnet ic  f i e l d  is  present .  
s a y i n g  
This  i s  e q u i v a l e n t  t o  
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and 
A t  cu to f f  G 2  and F2 are bo th  ze ro .  
f o r e  b e  reduced t o  
The d i s p e r s i o n  r e l a t i o n  can t h e r e -  
F2 = 0 
I n  t h e  gene ra l  case G 2  is  s m a l l  compared t o  G I ,  as impl ied  by Equation 
60, b u t  d i f f e r e n t  from ze ro .  The z e r o s  of  t h e  d i s p e r s i o n  r e l a t i o n  are 
approximately g iven  by 
F2 = 0 
I n  t h e  l i m i t  of Z / Y  going t o  i n f i n i t y ,  [ E l l  van i shes  so  t h a t  F2, = 0 is 
t h e  t r u e  d i s p e r s i o n  r e l a t i o n .  Also,  f o r  B = 0 o r  f o r  B going t o  
i n f i n i t y  we have seen  t h a t  t h e  exact d i s p e r s i o n  r e l a t i o n  i s  
F2 = 0 
I n  o r d e r  t o  i n c l u d e  a l l  t h e  r eg ions  of  t h e  Y Z p l a n e ,  w e  have t o  con- 
s i d e r  t h e  B W S W r eg ion  i n s i d e  t h e  loop  A = 0. The approximate 
d i s p e r s i o n  r e l a t i o n  can be  r ea r r anged  a l i t t l e  t o  be  w r i t t e n  i n  t h e  
form. 
(61) X2 Coth X2b + TX = 0 (symmetric case )  
0 
(62) X2 Tanh X2b + TXo = 0 ( an t i symmet r i c  case )  
I n s i d e  t h e  loop and n e a r  t h e  l i n e  Y = Z ,  t h e  imaginary  p a r t  of Equat ions  
6 1  and 62 i s  very  small  s o  t h a t  t h e  e x a c t  symmetric d i s p e r s i o n  r e l a t i o n  
i s  p r a c t i c a l l y  s a t i s f i e d  when t h e  rea l  p a r t  o f  Equat ion  6 1  is  ze ro  and 
t h e  exac t  antisymmetric d i s p e r s i o n  r e l a t i o n  i s  p r a c t i c a l l y  s a t i s f i e d  
Y 
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when t h e  rea l  p a r t  of  Equation 62 i s  zero .  
are real  f o r  t h e  B W o r  f o r  t h e  S W ,  t he  approximate d i s p e r s i o n  equat ion  
can be  w r i t t e n  f o r  a l l  cases as 
Since  Equat ions 61  and 62 
(63) R e  (X, Coth X2b + TX ) = 0 (symmetric) 
0 
(64) Re  (X, Tanh X2b + TXo) = 0 (ant isymmetr ic)  
where R e  means t h e  real  p a r t  of  t h e  enclosed func t ion .  
The approximate d i s p e r s i o n  curves have been drawn on t h e  same 
graph as t h e  ones ob ta ined  w i t h  t h e  exac t  t heo ry .  No d i f f e r e n c e s  could 
b e  found i n  t h e  symmetric case between t h e  e x a c t  theory  and t h e  "one 
wave" approximation,  
f requency ,  where t h e  e f f e c t  of  t h e  ions should be  inc luded  i n  o rde r  t o  
o b t a i n  v a l i d  r e s u l t s ,  t h e  "one wave" approximation g i v e s  t h e  same d i s -  
p e r s i o n  curves  f o r  t h e  low frequency body waves as t h e  one found wi th  
t h e  exact theo ry ,  For t h e  h igh  frequency body waves, e r r o r s  o f  no 
g r e a t e r  than  one pe rcen t  are found because a t  c u t o f f  and f o r  l a r g e  Z 
t h e  "one wave" approximation becomes t h e  exac t  theory .  For t h e  lowest 
o r d e r  mode, w e  expec t  some d i f f e r e n c e s  when t h e  ampli tude of  E1 is  n o t  
much smaller than  t h e  ampli tude of E2.  This  i s  shown on Figure  59 n e a r  
Y = 1; on F igure  60 when t h e  curve c ros ses  t h e  l i n e  A = 0 ;  on F igure  6 1  
f o r  Y n e a r  t h e  l i g h t  l i n e ,  and on Figure 62 f o r  t h e  frequency gap 1< Y c 
a.  
from t h e  exact d i s p e r s i o n  curves.  
For t h e  ant isymmetr ic  case ,  except  f o r  very  low 
The approximate d i s p e r s i o n  curve d i f f e r s  a t  most by f i v e  pe rcen t  
Although only  fou r  va lues  of t h e  parameters  are p resen ted ,  i t  
w a s  v e r i f i e d  w i t h  t h e  computer t h a t  t h e  approximation w a s  v a l i d  w i t h  
an e r r o r  of  no more than  f i v e  percent  f o r  much l a r g e r  o r  much smaller 
- 1 1 2  - 
, 
v a l u e s  of a and b ,  S ince  t h e  approximation becomes t h e  exact theo ry  
f o r  a = 0 and a going t o  i n f i n i t y  i t  i s  c l e a r  t h a t  t h e  cases  cons ide red  
are i n  f a c t  t h e  most p e s s i m i s t i c .  
In o r d e r  t o  s tudy  t h e  v a l i d i t y  of t h e  ''one wave" approximation as 
a func t ion  of  b ,  w e  need t o  rewrite t h e  e x a c t  expres s ion  of  t h e  d i s p e r -  
s i o n  r e l a t i o n  i n  t h e  fo l lowing  form: 
(65) F1 G2  - F2 = 0 
For s m a l l  va lues  of  b ,  t h e  phase v e l o c i t y  of  t h e  low frequency body 
wave i s  l a r g e  s o  t h a t  &2 is  s m a l l .  
n e g l i g i b l e  and t h e  approximate d i s p e r s i o n  r e l a t i o n ,  F2 = 0 is  v a l i d .  
For l a r g e  b ,  t h e  argument t h a t  [ E i  I i s  s m a l l  i s  n o t  s u f f i c i e n t  j u s t i f i -  
c a t i o n  f o r  u s ing  t h e  "one wave'' approximation because  ( E 1  cosh Xlbl i s  
l a r g e  even though [ E l l  i s  s m a l l ,  
Equation 65. 
i s  l a r g e .  However, F1 i s  of  t h e  same o r d e r  of  magnitude as G I , ,  None- 
t h e l e s s ,  t h e  approximate d i s p e r s i o n  r e l a t i o n  F2 = 0 s t i l l  h o l d s  
because when F2 = 0 ,  G 2  i s  a l s o  almost ze ro .  
F1 G 2  
The t e r m  -i s ,  t h e r e f o r e ,  
B1 G r  
The r eason  can be  s e e n  by examining 
The q u a n t i t y  IE;I becomes much smaller t h a n  one because  G I  
The same reasoning  can be  made f o r  t h e  h i g h  frequency waves. 
For s m a l l  va lues  of  b t h e  "one wave'' approximat ion  becomes e x a c t  a t  
c u t o f f  and f o r  l a r g e  va lues  of Z s o  t h a t  t h e  approximate d i s p e r s i o n  
curves  d i f f e r  a t  most by one o r  two p e r c e n t  from t h e  e x a c t  d i s p e r s i o n  
curves.  
i s  l a r g e .  The approximation i s  s t i l l  good because  G 2  and F2 are z e r o  
f o r  almost t h e  same p o i n t s  i n  t h e  Y Z p l a n e ,  
As b i n c r e a s e s ,  I E i  I becomes much smaller than  one because  G I  
, 
- 113 - . 
F i n a l l y ,  f o r  t h e  lowest  o r d e r  mode, when b i s  l a r g e  t h e  d i s -  
p e r s i o n  curve becomes s o  c l o s e  t o  the  Y = Z l i n e  and then  t o  t h e  l i n e  
of resonance t h a t  t h e  approximation cannot y i e l d  e r r o r s  of more than  
one o r  two pe rcen t .  
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3 PLASMA COLUMN 
3.1 DERIVATION OF THE DISPERSION RELATION 
3.1.1 The Model 
The p h y s i c a l  model used t o  s o l v e  t h e  problem of t h e  plasma column 
i s  t h e  same as t h e  one used i n  t h e  s l a b  case .  A c y l i n d r i c a l  coord ina te  
system ( r ,  8 ,  S) is  in t roduced .  The a x i s  of t h e  column i s  t h e  5 a x i s  
a long which t h e  homogeneous magnet ic  f i e l d  is  d i r e c t e d .  W e  cons ide r  an 
i n f i n i t e l y  long column of plasma of r a d i u s  a. A monochromatic wave 
propagates  i n  t h e  d i r e c t i o n  of t h e  magnet ic  f i e l d  so  t h a t  t h e  5, t ,  and 
8 dependence can be taken  t o  be of t h e  form: 
i K5S - iwt + i m e  e 
The dimensions are normalized i n  t h e  same way as f o r  t h e  s l a b  conf igura-  
t i o n ,  now with 
r w  a w  x = p ,  b =  P 
C C 
3 . 1 . 2 .  The General  D i spe r s ion  R e l a t i o n  
Maxwell's equa t ions  can be  w r i t t e n  i n  t h e  fo l lowing  form: 
r S Y 2  - Z2)  - i Y2 D] E, = [; Z 
( S Y ~  - z 2 >  
(65) 
- m Z  -i y2 D 
L x  
- i Y a  -'I a x  
and t h e  a x i a l  components o f  t h e  f i e l d s  i n s i d e  t h e  plasma are g iven  by: 
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( 7 1 )  E8 = 
a~ 
(67) 1 a (X r;) + (TY2 - TZ2 - m2) E =,i Y ZD H --  
x ax a x  s x2 5 s c  
- 1 II- Z z (SY2-Z2) + Bi Y 2  1 m  E .  m I (x,x) X i = 1  
The s o l u t i o n  i s  e a s i l y  found t o  be 
i = l  
where I (x) i s  t h e  modi f ied  Bessel func t ion  of  t h e  f i r s t  k ind  of o r d e r  
m,  and where t h e  rest of  t h e  n o t a t i o n  i s  t h e  same as used i n  Chapter 2 .  
The t r a n s v e r s e  components o f  t h e  f i e l d s  are found from Equat ions  
m 
65 and 66 and can be  w r i t t e n  
T- 
c 
X 1 
(SY2 - Z 2 ) 2  - D2 Y4  
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i 1 
(SY2 - Z')2 - D2 Y4 
L 
22 ( S Y 2 - 2 2 )  - Bi Y2 I + Ei xi I t m  (XiX> V 
Ei m Im (Xix> 22 (SY2-Z2)  - Bi Y2 
EiXi I t m ( X i x )  
+ 
( 7 4 )  :.[i1 Y x  
- 
(SY2-Z2)2 - D2 Y j  - f - 
DY 
i = 1  
1 
(SY2-Z2)2  - Dz Y4 
X 
B i  (SY2-22)  
t 
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where I '  
c o e f f i c i e n t  exp ( i  K 
is  t h e  d e r i v a t i v e  wi th  r e spec t  t o  t h e  t o t a l  argument, and t h e  
I m 
- i w t  + i m 8  ) has been omi t ted .  
5 
These expres s ions  are very  complicated.  However, us ing  an analogy 
I 
wi th  t h e  s l a b  problem ( s e e  Appendix A) we f i n d  t h e  fo l lowing  i d e n t i t i e s :  
- - - - TY2 Z2 (SY2-Z2) B .  Y2 + (SY2-Z2)2- D2Y4 - 1  -(75) 
(sY2-z2)2 - D2 Y4 Xi2 
(SY2-22 ) 2 - D2 Y4 Xi2 
- - TY2+X - 
(77)  i 
(sY2-Z2)2 - D2 Y4 X i *  
The complexi ty  of  t h e  d i s p e r s i o n  r e l a t i o n  wi thout  t h e s e  s i m p l i f y i n g  
i d e n t i t i e s  has  d iscouraged  previous  i n v e s t i g a t o r s  from g iv ing  a complete 
a n a l y s i s  of  t h e  h i g h e r  o r d e r  modes. A l s o ,  t h e  p r o p e r t i e s  of  t h e  f i e l d s  
are much more i n  ev idence  i n  t h e  s i m p l i f i e d  form. 
i n s i d e  t h e  plasma can now be r e w r i t t e n  as: 
The f i e l d  components 
i = l  
2 x z xi i = l  
111 I D Xi Z 
- 118 - 
Ei Bi  m Im (Xix) - i Ei (TY2+Xi2) I tm  (XiX) 
D Xi2 Z x xi 
E r =  t - 
i = l  
H = C -  i Ei B i  m Im (Xix) - i E i -  TY I t m  (Xix) 
e 
D Y Xi2 x xi 
i = l  
(Xix) - Ei f i i  I tm  (Xix> 
D Y Xi 
x.2 x 
i = l  1 
whi le  outs ide  t h e  s l a b  t h e  f i e l d s  are simply given by: 
E = Eo Km (Xox) 
5 
H = Ho Km (Xox) 
5 
E = m Z E o  K (X x)  + iy Ho KA (X0x) 
m o  .I e n x x 2  0 
0 
H = - iy Eo KA (Xox) + m Z Ho Km (Xox) 
0 x xo2 X 
e 
Hr = - m Y Eo Km (Xox) - Ho KA (Xox) 
x x 2  xO 
0 
where Km (X) i s  the  modified Bessel func t ion  of t he  second k ind  of  o r d e r  
m. From the  boundary condi t ions  on t h e  f i e l d s  i t  i s  found t h a t  t h e  
r e l a t i o n  
I 
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, 
b 
must be  s a t i s f i e d ,  where 
D Xi Z 
I n  o r d e r  t o  o b t a i n  a n o n t r i v i a l  s o l u t i o n  f o r  t h e  f i e l d s ,  t h e  d e t e r -  
minant of  t h e  2 x 2 m a t r i x  must b e  set  e q u a l  t o  ze ro .  I n  c o n t r a s t  w i t h  
p rev ious  e x p r e s s i o n s ,  t h e  c o e f f i c i e n t s  of  t h e  modi f ied  Bessel f u n c t i o n s  
can be  examined by a ve ry  s imple  a n a l y s i s .  
be a b l e  t o  s tudy  t h e  r e l a t i v e  magnitude of  E l  and E2. 
A s  a consequence, we w i l l  
3,l. 3 Symmetr ic  Modes 
When m = 0 ,  t h e  d i s p e r s i o n  r e l a t i o n  ob ta ined  corresponds t o  t h e  
c i r c u l a r l y  symmetric case 
T h i s  d i s p e r s i o n  r e l a t i o n  h a s  Seen analyzed by many au tho r s  (Formato 
and G i l a r d i n i ,  1962; Camus, 1965; Yip and Seshadr i ,  1967). 
w e  w i l l  n o t  g i v e  t h e  corresponding d i s p e r s i o n  curves .  
The re fo re ,  
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3 , 2  RESULTS OF THE ANALYSIS FOR THE DIPOLE MODE 
Since X I  and X2 are n o t  f u n c t i o n s  of  geometry, t h e  same wave 
type  r e g i o n s  shown i n  F igures  1 7  and 18 are aga in  obta ined .  Consequent- 
l y ,  t h e  g e n e r a l  d i s c u s s i o n  of  s e c t i o n  2 . 4 , l  a p p l i e s  t o  t h e  c y l i n d r i c a l  
geometry. However, t h e  d i s p e r s i o n  curves f o r  t h e  d i p o l e  mode are n o t  
i d e n t i c a l  w i t h  t h o s e  from t h e  ant isymmetr ic  case of t h e  s l a b  geometry. 
We w i l l  cons ider  h e r e  t h e  d i f f e r e n c e s  between t h e  s l a b  i n  t h e  a n t i -  
symmetric case  and t h e  d i p o l e  mode i n  t h e  rod geometry, 
The d i s p e r s i o n  curves  have n o t  been c a l c u l a t e d  i n s i d e  t h e  loop  
A = 0 because no s u b r o u t i n e  w a s  a v a i l a b l e  on t h e  computer f o r  t h e  
Bessel f u n c t i o n s  of  complex argument, However, t h e  lowes t  o r d e r  mode 
s tar ts  as a B W S W. 
i n  t h e  s l a b  geometry are a g a i n  used f o r  t h e  c y l i n d e r .  
The same v a l u e s  o f  t h e  parameters  a and b used 
1.) cy. = 0.5, b = 0 .1  and 1" Figures  6 3  and 64 
For a given frequency,  t h e  low frequency body waves have 
a group v e l o c i t y  which i s  smaller f o r  t h e  rod  geometry t h a n  f o r  
t h e  s l a b  case.  The lowest o r d e r  mode remains below t h e  l i n e  
Y = 1 and propagates  as a backward s u r f a c e  wave o u t s i d e  t h e  loop 
A = 0 when b i s  s m a l l .  When no magnet ic  f i e l d  i s  p r e s e n t ,  Granat-  
s t e i n ,  Schles inger  and Vigant (1963) showed t h a t  t h e  d i p o l e  mode 
However, i t  should  be  
1 
could n o t  propagate  above t h e  l i n e  Y = - 
noted  t h a t  even f o r  ct 1, t h e  magnet ic  f i e l d  can become s u f f i c i e n t l y  
E 
l a r g e  t h a t  t h e  s u r f a c e  wave propagates  f o r  f r e q u e n c i e s  h i g h e r  than  t h e  
1 +a from t h e  h i g h  lower hybrid frequency and reaches  t h e  asymptote  Y =/G 
frequency s i d e .  This  i s  seen  t o  b e  t h e  case f o r  a = 0.5.  When b = 1 
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. 
t h i s  mode starts as a forward s u r f a c e  wave as i ts  d i s p e r s i o n  curve 
c r o s s e s  t h e  curve A = 0 ,  reaches  a maximum frequency and becomes back- 
ward t o  approach t h e  resonance Y - /y. I n  t h i s  l a s t  c a s e ,  t he  
group v e l o c i t y  of  t h e  wave i s  ve ry  small .  Note t h a t  B W 0 does n o t  
e x i s t  a t  a l l  i n  e i t h e r  c a s e ,  which i s  d i f f e r e n t  from t h e  s l a b  r e s u l t s .  
2.) ct = 1 .5 ,  b = 0.1 and 1. Figure  65 and 66 
Again t h e  low frequency body waves have a smaller group v e l o c i t y  
f o r  a g iven  frequency f o r  t he  d i p o l e  mode than  f o r  t h e  ant isymmetr ic  
case  i n  t h e  s l a b  geometry. The forward s u r f a c e  wave reg ion  between t h e  
loop  A = 0 and t h e  l i n e  Y = 1 s t i l l  e x i s t s ;  however, i t  i s  much smaller 
than  i n  t h e  s l a b  geometry because i n  t h e  lowest o r d e r  mode t h e  d i s -  
p e r s i o n  curve i s  p r a c t i c a l l y  a long  the Y = 2 l i n e .  
3.3 FIELDS CHARACTERISTICS : "ONE WAVE" APPROXIMATION 
3.3.1 F i e l d s  C h a r a c t e r i s t i c s  
We cons ide r  t h e  c o e f f i c i e n t s  of  t h e  Bessel func t ions  i n  t h e  
e x p r e s s i o n  g iv ing  t h e  l o n g i t u d i n a l  f i e l d  components of t h e  wave i n s i d e  
t h e  plasma. 
84 e q u a l  t o  u n i t y .  
A l l  t h e  components are normalized by s e t t i n g  E2 i n  Equat ion 
F igures  67 t o  70 show (E1 1 p l o t t e d  versus  f requency f o r  t h e  f o u r  
sets o f  parameters  chosen i n  t h i s  ana lys i s .  It i s  seen  t h a t  f o r  t h e  low 
f requency  and high frequency body waves t h e  ampli tude o f E  i s  much small- 
However, f o r  t h e  lowest  o r d e r  mode, 
1 
er t h a n  one as i n  t h e  s l a b  geometry. 
i t  becomes approximately equa l  t o  one f o r  l a r g e r  va lues  of frequency 
t h a n  f o r  t h e  s l a b  problem. 
wave" approximation,  w e  may expec t  more d iscrepancy  f o r  t h e  lowest o r d e r  
Consequently, when w e  cons ide r  t h e  "one 
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d i p o l a r  mode than i n  t h e  ant isymmetr ic  case of t h e  s l a b  geometry. 
On F i g u r e s  7 1  t o  7 4  t h e  c o e f f i c i e n t s  of t h e  Bessel f u n c t i o n s  
f o r  t h e  l o n g i t u d i n a l  components of  t h e  magnet ic  f i e l d  corresponding 
t o  wave 1 and wave 2 are p l o t t e d  versus  f requency.  The ampli tude of 
t h e  magnetic f i e l d  corresponding t o  wave 1 is much smaller than  t h e  one 
corresponding t o  wave 2 except  f o r  S W when a = 0.5 (F igures  7 1  and 
7 2 ) .  For  very  low frequency,  t h e  ampli tudes of  b o t h  H and H become 
l a r g e  s o  t h a t  t h e  low frequency body waves become t r a n s v e r s e  e l ec t r i c .  
51 52 
Near resonance t h e  waves are t r a n s v e r s e  magnet ic .  For t h e  h igh  f r e -  
quency body waves, n e a r  c u t o f f  t h e  wave is  h y b r i d  f o r  l a r g e  v a l u e s  o f  
a and f o r  smal l  v a l u e s  of a when b i s  l a r g e .  The wave i s  p r a c t i c a l l y  
t r a n s v e r s e  magnet ic  when a = 0.5 and b = 0 . 1  (F igure  71) .  
3.3.2 "One Wave" Approximation 
3.3.2.1 Symmetr ic  Case 
The d i s p e r s i o n  r e l a t i o n  f o r  t h e  symmetric case was obta ined  i n  
s e c t i o n  3.1,3.  and can be w r i t t e n  i n  t h e  form: 
The d i s p e r s i o n  r e l a t i o n  can be  reduced t o  K2 = 0 i n  t h e  l i m i t  
of z e r o  o r  i n f i n i t e  magnetic f i e l d ,  c u t o f f  and l a r g e  Z / Y .  Because of 
t h e  g r e a t  s i m i l a r i t y  i n  t h e  c o e f f i c i e n t s  f o r  t h i s  mode i n  t h e  s l a b  and 
rod cases, i t  i s  n o t  s u r p r i s i n g  t o  f i n d  t h a t  t h e  "one wave" approxima- 
t i o n  obta ined  by w r i t i n g  K2  = 0 i s  s t i l l  v a l i d .  
3.3.2.2 Dipole  Mode 
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I n  t h e  l i m i t  of  i n f i n i t e  magnetic f i e l d  and f o r  cu to f f  and l a r g e  
Z/Y, E1 becomes n e g l i g i b l e  o r  even vanishes ,  
ze ro  magnet ic  f i e l d  t h e  ampli tude of E1 does no t  become equa l  one, so  
t h a t  w e  cannot  cons ide r  on ly  one wave t o  be p r e s e n t .  
o f  t h e  magnet ic  f i e l d ,  we t h e r e f o r e  expect some d i sc repanc ie s  f o r  t h e  
lowest  o r d e r  mode. 
However, i n  t h e  l i m i t  of 
For small va lues  
The approximate d i s p e r s i o n  curves are shown t o g e t h e r  w i th  t h e  
exac t  d i s p e r s i o n  curves  on F igures  63 t o  6 6 .  E r r o r s  of n o t  more than 
one pe rcen t  are found f o r  t h e  body waves, except  i n  t h e  very  low f r e -  
quency r eg ions  (Y < 0.1). For t h e  l o w e s t  o r d e r  mode, however, i t  i s  
seen t h a t  when Z i s  smaller than  four ,  and ct = 0.5,  e r r o r s  of t h e  
o r d e r  10 pe rcen t  may be found. 
r eg ion  E1 has  approximately t h e  same ampli tude as E2. A s  t h e  i n t e n s i t y  
of  t h e  magnet ic  f i e l d  i n c r e a s e s ,  t h e  "one wave" approximation becomes 
more and more v a l i d .  
This  i s  n o t  s u r p r i s i n g  s i n c e  i n  t h i s  
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4 CONCLUSION 
A s tudy  of  t h e  t rapped  modes i n  magnetoplasma s l a b s  and rods  
The f u l l  se t  o f  Maxwell's e q u a t i o n s  w a s  used and an w a s  presented.  
homogeneous d i s t r i b u t i o n  of  e l e c t o n s  w a s  assumed. We a p p l i e d  t h e  
r e s u l t s  of t h e  co ld  plasma theory  and n e g l e c t e d  t h e  e f f e c t ,  due t o  
i o n s  and t o  c o l l i s i o n s .  Both of  t h e s e  e f f e c t s  become important  on ly  
i n  t h e  very low frequency reg ion .  T r i v e l p i e c e  and Gould (1959) found 
t h a t  t h e  e f f e c t  of c o l l i s i o n s  on t h e  d i s p e r s i o n  curves  i s  small  when 
t h e  c o l l i s i o n  frequency is  s m a l l  compared t o  t h e  wave frequency. HOW- 
e v e r ,  in t roducing  c o l l i s i o n s  w i l l  a l l o w  f o r  t h e  damping o f  t h e  waves 
as they  propagate .  T h i s  i s  n o t  inc luded  i n  t h e  p r e s e n t  theory .  
The e x a c t  d i s p e r s i o n  r e l a t i o n  us ing  t h e  c o l d  plasma theory  w a s  
ob ta ined  and so lved  showing t h e  e x i s t e n c e  o f  body waves, s u r f a c e  waves 
and body wave-surface waves. By s tudying  t h e  d i f f e r e n t  r e g i o n s  of  
propagat ion f o r  t h e s e  modes, i t  w a s  found t h a t  t h e  s u r f a c e  waves e x i s t  
as forward waves i n  a very  narrow frequency band even when a s t r o n g  
magnet ic  f i e l d  i s  a p p l i e d  ( a  > w ) .  However, a c a r e f u l  s t u d y  o f  t h e  
f i e l d s  i n s i d e  t h e  plasma shows, fundamental  d i f f e r e n c e s  f o r  t h e  lowes t  
o r d e r  mode when t h e  e l e c t r o n  c y c l o t r o n  frequency is  g r e a t e r  o r  smaller 
than  t h e  e l e c t r o n  plasma frequency.  It w a s  shown t h a t  n e a r  resonance 
t h e  waves were t r a n s v e r s e  magnet ic  and t h a t  as t h e  wavelength i n c r e a s e s ,  
t h e  waves become hybr id  o r  even t r a n s v e r s e  e l e c t r i c  as t h e  wavelength 
goes t o  i n f i n i t y .  For t h e  c u t o f f  of  t h e  h i g h  frequency body waves, 
t h e  waves become TEM modes a t  t h e  s l a b  boundary. 
P 
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By s tudy ing  t h e  r e l a t i v e  amplitude of  t h e  two waves propagat ing  
i n s i d e  t h e  plasma, w e  were a b l e  t o  show t h a t  t h e  "one wave" approxima- 
t i o n  could g i v e  very  a c c u r a t e  r e s u l t s ,  except  i n  t h e  very  low frequency 
l i m i t ,  Using ana log ie s  w i t h  t h e  s l a b  problem, w e  w e r e  a b l e  t o  s i m p l i f y  
t h e  d i s p e r s i o n  r e l a t i o n  f o r  t h e  plasma rod  and expres s  t h e  f i e l d  com- 
ponents r e l a t i v e l y  simply as a func t ion  of wavelength and f requency ,  
The "one wave" approximation i s  v a l i d  i n  t h e  c i r c u l a r l y  symmetric case  
and f o r  t h e  low frequency and h igh  frequency body waves i n  t h e  d i p o l e  
mode. However, f o r  t h e  lowest o r d e r  mode, i n  t h e  long wave l e n g t h  
l i m i t ,  e r r o r s  of 10 pe rcen t  are found when t h e  s t r e n g t h  of t h e  a p p l i e d  
magnetic f i e l d  is  r e l a t i v e l y  s m a l l .  
Seve ra l  ex tens ions  of  t h i s  i n v e s t i g a t i o n  are sugges ted .  F i r s t ,  
because of  t h e  s imi la r i t i es  which e x i s t  between t h e  d i e l e c t r i c  t e n s o r  
f o r  t h e  plasma and t h e  p e r m e a b i l i t y  t e n s o r  f o r  f e r r i t e s ,  our  a n a l y s i s  
can b e  modi f ied  e a s i l y  t o  s tudy  wave p ropaga t ion  i n  f e r r i t e s .  
Second, t h e  i n c l u s i o n  of i o n s  and of  e l e c t r o n  thermal  v e l o c i t y  
5 w i l l  modify t h e  behavior  of  t h e  d i s p e r s i o n  curves  f o r  both s m a l l  K 
and l a r g e  K 
t heo ry  i n c l u d i n g  a p r e s s u r e  term, o r ,  i f  p o s s i b l e ,  by a k i n e t i c  t heo ry  
a n a l y s i s ,  Some t h e o r e t i c a l  i n v e s t i g a t i o n s  have a l r eady  been performed 
a long  t h e s e  l i n e s  (Diament, G r a n a t s t e i n  and Sch le s inge r ,  1966; Sa rka r  
and Lonngren, 1967).  
These m o d i f i c a t i o n s  can be achieved  by use of  a f l u i d  5' 
Thi rd ,  i t  would be  d e s i r a b l e  t o  i n c l u d e  t h e  e f f e c t  o f  non- 
un i fo rmi ty  of  t h e  e l e c t r o n  d e n s i t y  i n s i d e  t h e  s l a b  and rod. Although 
some work h a s  been done on t h i s  problem a l s o  (de S a n t i s ,  1965),  on ly  
t h e  q u a s i s t a t i c  approximation was used. 
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F i n a l l y ,  t h e  e f f e c t  o f  plasma d r i f t i n g  and r e l a t ive  e l e c t r o n -  
i o n  d r i f t s  should be examined t o  e x p l o r e  t h e  p o s s i b i l i t y  of  t rapped  
mode i n s t a b i l i t i e s .  
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APPENDIX A 
I n  t h i s  s e c t i o n  we s h a l l  i n d i c a t e  how the  i d e n t i t i e s  (Equat ions 
75 t o  77) were obta ined:  
We rewrite Maxwell's equat ions  i n  t h e  fo l lowing  form: 
9 - m H + Z  He = S Y E  - i D Y E  5 r - 
X 
0 - Z H r - i a H  = i D Y E  + S Y E  5 r 
I L ( x H e ) - i m H  = - i Y T E  
r 5 x ax 
X 
- m E  + Z E e  = - Y H r  5
X 
+ i a E  = Y H e  
Er 5
a x  
1 L ( x E e )  - i m  E = i Y H  
x ax X r 5 
- L_ 
When m = 0 ,  t h e  c o e f f i c i e n t s  of  t h e  f i e l d s  i n  t h e s e  equat ions  are 
found t o  be  t h e  same as t h e  c o e f f i c i e n t s  of  t h e  corresponding f i e l d s  
f o r  t h e  s l a b  geometry (Equations 4 t o  9 ) .  Therefore ,  f o r  t h e  m = 0 
mode, w e  expec t  t o  o b t a i n  t h e  c o e f f i c i e n t s  of t h e  Bessel func t ions  
and t h e  c o e f f i c i e n t s  of  t h e  s inh  and cosh f u n c t i o n s  t o  be  t h e  same, 
We t h e n  v e r i f y  by s u b s t i t u t i o n  and ob ta in  t h e  i d e n t i t i e s  given i n  
s e c t i o n  3.1.2.  Noting t h a t  when m is d i f f e r e n t  from zero  t h e  co- 
e f f i c i e n t  of  IVm i n  Equation 72 and t h e  c o e f f i c i e n t  of  I 
71 have  a common f a c t o r ,  w e  can also s i m p l i f y  t h e  c o e f f i c i e n t s  of I 
I n  t h e  same way we s i m p l i f y  a l l  t h e  c o e f f i c i e n t s  of  t h e  modif ied 
i n  Equation 
m' 
m 
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Bessel func t ions  and of  t h e i r  d e r i v a t i v e s ;  t h e  f i e l d s  can then be  
s i m p l i f i e d  t o  t h e  expres s ions  g iven  by Equat ions 78 t o  83.  
